NON-NORMAL ABELIAN COVERS 
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Abstract. An abelian cover is a finite morphism X —> Y of varieties which is the 
quotient map for a generically faithful action of a finite abelian group G. Abelian covers 
with Y smooth and X normal were studied in [Par91]. 

Here we study the non-normal case, assuming that X and Y are S2 varieties that 
have at worst normal crossings outside a subset of codimension > 2. Special attention is 
paid to the case of Zj-covers of surfaces, which is used in [AP09] to construct explicitly 
compactifications of some components of the moduli space of surfaces of general type. 



Introduction 

An abelian cover is a finite morphism X Y of varieties which is the quotient map for a 
genericaUy faithful action of a finite abelian group G. This means that for every component 
Yi of Y the G-action on the restricted cover X Xy Yi Yi is faithful. The paper [Par91] 
contains a comprehensive theory of such covers in the case when Y is smooth and X is 
normal. The covers are described in terms of the building data consisting of branch divisors 
Dui.Tpi ranging over cyclic subgroups Hi C G, and line bundles with x ranging over the 
character group of G. This collection must satisfy the fundamental relations. 
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Here, we extend this theory to the case of singular varieties. Namely, we allow X and 

Y to be varieties satisfying Serre's condition S2 and having double crossing singularities in 
codimension 1, which we abbreviate to g.d.c. for "generically double crossings" (see §1.3 for 
the precise definition). Our interest in this case lies in applications to the moduli theory. 
Such non-normal abelian covers appear in our work [AP09] where we explicitly construct 
compactifications of moduli spaces of some Campedelli and Burniat surfaces by adding 
stable surfaces on the boundary. "Stable surfaces" here are in the sense of [KSB88]: they 
have sic (semi log canonical) singularities and ample canonical class. 

In this paper, we give a comprehensive treatment of the situation. In Section 1.3 we show 
that the theory of standard covers of [Par91] has a very natural extension to the case when 

Y is still smooth but X is possibly g.d.c. In Section 1.4 we extend it to the case of normal 
base by an 5'2-fication trick. In Section 1.5 we prove that a cover with non normal Y can 
be obtained by gluing a cover over the normalization Y , and we spell out which additional 
data must be specified. 

In Section 2 we study the singularities of covers. We determine the conditions for X to 
have sic singularities, to be Cohen-Macaulay, and we determine the index of the canonical 
divisor in the situations appearing in common applications. 

In Section 3 we treat in detail the special case when the group G is Z'2 and dimX = 
dimF = 2, as in [AP09]. We restrict ourselves to the situation where the base Y is smooth 
or has two smooth branches meeting transversally, and the components of branch divisors 
and the double locus are smooth and have distinct tangent directions at the points of 
intersection, i.e. locally they look like a collection of lines in the plane. In this situation, 
we give a complete classification of the covers and the singularities of X. The answer 
is contained in nine tables. Some of these covers appear on the boundary of moduli of 
Campedelli and Burniat surfaces, but the full list is longer. 

Notations. G denotes a finite abelian group. We work with equidimensional varieties de- 
fined over an algebraically closed field K whose characteristic does not divide the order of G. 
We denote by G* the group IIom(G', K*) of characters of G, and we write it multiplicatively. 
The abbreviations Ic and sic stand for log canonical and semi log canonical, (cf. §2 for the 
definitions). X, G, etc. denote the normalization of X, C, etc. We use the additive and 
multiplicative notation for line bundles and divisors interchangeably. Linear equivalence 
will be denoted by ^. 
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munications. We also thank the referee for many useful comments and corrections. 
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of INDAM. 



1. General structure of abelian covers 

1.1. Setup. We recall some basic facts about Serre's condition 5*2 and the S'2-fication of 
a coherent sheaf. For a comprehensive treatment, the reader may consult [Gro65, 5.9-11], 
where the latter appears under the name "Z^^^-closure" . 
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All varieties below are assunied to be reduced, equidimensional, but possibly reducible. 
Let be a coherent sheaf on X all of whose associated components are irreducible com- 
ponents of X. Then there exists a unique S2-fication, or saturation in codimension 2, a 
coherent sheaf defined by 

S'2(j-)(y)= lim j'ivnu) 

UCX, codim(X\C/)>2 

The sheaf S2{J^) is 5*2, and is 5*2 iff the map T — > S2{J-') is an isomorphism. In 
particular, for = Ox one obtains the S'2-fication S2{X) — > X, which is dominated by the 
normalization of X. 

On a normal variety X, an 5'2-sheaf is the same as a reflexive sheaf, satisfying J^** — T , see 
[Bou65]. Further, reflexive sheaves of rank 1 are the same as divisorial sheaves, isomorphic 
to Ox{D) for some Weil divisor D, see e.g. [ReiSO, App.to §1]. On a smooth (or factorial) 
variety Weil divisors are the same as Cartier divisors, and rank 1 S2 sheaves are the same 
as invertible sheaves. 

Let C? be a finite abelian group. An abelian cover with Galois group G, or G-cover, is 
a finite morphism X ^ Y of varieties which is the quotient map for a generically faithful 
action of a finite abelian group G. This means that for every component of Y the G-action 
on the restricted cover X Xy Yi Yi is faithful. An isomorphism of G-covers tti : Xi — > Y, 
TT2 : X2 — >■ y is an isomorphism (j): Xi ~> X2 such that tti = 7r2 o </). 

The G-action on X with X/ G — Y is equivalent to a decomposition: 

(1.1) Tr*Ox = -^1 = 

X&G* 

where G acts on J^^^ via the character x- H is Galois then each has rank 1: if y € F is 
a general closed point, then G acts freely on TT~^{y), so it acts on 0^-1(2^) — ®^(J^^ (g) K(?/)) 
as the regular representation. Thus, J-,^ (E) IK(y) is 1-dimensional for every x- When the 
sheaves J-^ are locally free, it is customary to write J-^ = L~^, with a line bundle. 

Lemma 1.1. (1) The sheaf Ox is Sn for some n iff every J' ^ is Sn- 

(2) If-K-.X^Yis flat then X is CM iff Y is CM. 

(3) // Y is smooth and X is S2 then tt is flat and X is CM. 

Proof. (1) is clear by definition of depth. 

(2) TT is flat iff every Oy-module J-^ is invertible. Then each J^^ is CM iff Oy is. 

(3) On a smooth variety every divisorial sheaf is invertible, and so flat. Now (2) applies. 

□ 

A G-cover tt: X ^ Y, where X and Y are S2 varieties, is determined by its restriction 
to the complement of a closed subset of codimension > 2: 

Lemma 1.2. Let Y be an S2 variety, Yq ^Y an open subset with codim(y \ Yq) > 2, and 
ttq '■ Xq Yq a G-cover with Xq an S2 variety. Then there exist a unique S2 variety X and 
a G-cover n: X -^Y whose restriction to Yq is ttq. 

Proof. For the existence, we take Ox ■= i*Oxo, where i: Yq Y is the inclusion. Then 
Ox = (BxeG'^x' where each J^^ is a rank 1 S'2-sheaf. The algebra structure on Ox is 
defined as follows. For an open set U C X and sections s G J%^(C/), s' e T^i{U), their 
product is 

s\unXo ■ s'lunXo G ^xx'i^ ^ ^0) — •^xx'(^)' 
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since codimu{U\Ur]Xo) > 2 and J^^ is saturated in codimension 2. Thus, X := Spec^,^ Ox 
is an 5*2 variety with a finite morphism to Y. The G'*-grading on Ox defines the G-action on 
X. By construction, the eigenspace J^i for the trivial character is i^Oyo — Oy- Therefore, 
X/G = Y. 

Uniqueness follows from the uniqueness of the 52-fication. □ 

Given a G-cover ir: X —i' Y and an irreducible subset S* C y, we define the inertia 
subgroup Hg of S to be the subgroup of G consisting of the elements that fix Tr~^{S) 
pointwise, or, equivalently since G is abelian, that fix an irreducible component of 7r~^{S) 
pointwise. The branch locus D-^ of tt is the set of points of Y whose inertia subgroup is 
not trivial (notice that we regard Dj^ simply as a set, without giving it a scheme structure). 
If TT is flat, then is a divisor by [AK70, Thm. 6.8]. If F is an irreducible divisor of Y 
such that X is generically smooth along 7r~^(F), then the natural representation -0 of Hp 
on the tangent space Tx^r at the generic point of an irreducible component R of it~'^{F) is 
faithful, hence Hp is cyclic (cf. [Par9I, §1]). Notice that ip does not depend on the choice 
of the component R of 7r^^(F) since G is abelian. 

1.2. Standard covers. In this section we recall, in a form which is convenient for our later 
applications, the definition of standard abelian covers, a class of flat abelian covers that can 
be constructed from a collection of line bundles and effective divisors on the target variety 
(cf. [Par91], [FP97]). The prototypical example is the classical construction of a double 
cover of a variety Y from the data of an effective divisor DonY and a line bundle L such 
that 2L - D. 

Let y be a variety. A set of building data for a standard G-cover n: X Y consists of 
the following: 

• irreducible effective Cartier divisors Di, . . .Dk (possibly not distinct), 

• for each Di a pair {Hi,ipi)^ where Hi is a cyclic subgroup of G of order rrii and ipi 
is a generator of the group of characters H* , 

• fine bundles L;^, for x G G* \ {1}. 

Moreover we assume that these data satisfy the so called fundamental relations: 
(1-2) Vx,x', L^ + L^' ^L^^>+J2el^,D,, 

i 

where for a character x "we write xIhi = "0°^' with < < rui, and we define £^-^^' ■= 

[ °^m°^' ]• Observe that ^, is equal either to or to I. 

We call the divisors Di, together with the pairs {Hi,tjji), the branch data of the cover. 
An equivalent way of describing the branch data, and therefore the building data, is to give 
for each pair (i?, 0), with H C G a cyclic subgroup and ■0 € H* a generator, the divisor 
DH,ij = Z]{i|(_f/i,^i)=(_f/,V))} "^^^^ ^^'^ notation used in [Par91]. 

Remark 1.3. If the group Pic(y) has no m-torsion, where m — |G|, then the branch data 
determine the building data by [Par9I, Prop. 2.1]. In general, the branch data are enough 
to determine the local geometry of the cover (cf. Proposition 1.6, (2)). 

Remark 1.4. When G = it is enough to associate with every divisor Di a nonzero 
element gi € G, the generator of Hi. Also, the definition of ^, is simpler: ^, is equal 
to 1 if x(ffi) = x'(ffj) = ~1 a^iid it is equal to otherwise. 
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We now explain how to construct a G-cover from a set of building data. Choose xi, ■ ■ - Xs G 
G* such that G* is the direct sum of the cyclic subgroups generated by the Xj ■ Denote by 
dj the order of Xj and write Lj :— L^. and a'j :— a'^.. By [Par91, Prop. 2.1] for j = 1, . . . s 
there exist isomorphisms: 



dja\ 
rrii 



Notice that the coefficients in the above formula are integers. Using formulae (2.15) 
of [Par91] and the isomorphisms ipj above, one constructs for each pair x' of non trivial 
characters an isomorphism 

such that for every XiX':X" G the following diagram commutes (we set Li = Oy)- 



(1.3) 



where S], -^, .^,, = ,x" ^ ^x,x' ^x,x'x" + ^x',x" "^^P^ ^"^^ induced by the (/j^^x' in 

the obvious way. We denote by ^^.x' • ® ^ ^xx' maps induced by composing 
(Px,x' with the inclusion i^^/ (— E x'^*) ^ ^xx'' commutativity of diagram 

(1.3), the collection of maps M^.x' defines on £ :— Oy © ®^^iL^^ a commutative and 
associative algebra structure compatible with the G-action defined by letting G act trivially 
on Li = Oy and via the character x on for x 7^ 1- We define X := Specf with the 
natural map tt : X F to be a standard G-cover associated with the given set of building 
data. Notice that, since the are locally free, tt is fiat and X is 5*2 if Y is. 

X can be described locally above a point ?/ € F as follows. Up to shrinking F, we 
may assume that all the L-^ are trivial and that the Di are defined by equations ct;. If we 
denote by a coordinate on , x ^ G* \{\}, then X is given inside the vector bundle 
V{®^^iL~^) = y X K™^^ by the following set of equations: 

(1-4) ^xV = Cx,x'nf^I'^"''^xx': x,x' e G* \ {1}, 

where the c^,x' are nowhere vanishing regular functions and for x = 1 we set = 1. For 
1 7^ X G G*, denote by d the order of x and write xlffi = with < < := \Hi\. 
Eliminating between the equations (1-4), one gets 

(1.5) z^h^nlap, 

where h^^ is a nowhere vanishing function. It follows immediately that X is a variety: indeed, 
using the decomposition of tt^Ox into G-eigenspaces, we may assume that a nilpotent 
element is locally of the form /z^ for some character x and some regular function /. Then 
by (1.5), {fz^ = for some k only if / = 0. Using the local equations (1.4), one can also 
show the following: 

Lemma 1.5. Notation as above. Let t:: X ^ Y be a standard G-cover and y d Y be a 
point. The inertia subgroup Hy of y is equal to E{i|yg_D } ^i- 
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Proof. Since the question is local on Y, we may assume that X is given by the equations 
(1.4). Let X £ X he a point lying above y. Then by (1.5) the coordinate z^{x) does not 
vanish iff xl-ffi = 1 ^oi every i such that y £ Di. Since an element g € G fixes a: if and only 
if for every x G G* such that xig) 7^ 1 the coordinate z^{x) vanishes, this remark proves 
the claim. □ 



Given a set of building data, the construction of the standard G-cover n: X Y depends 
of course on the choice of the characters xi i ■ • ■ Xs and of the isomorphims ipj . Assume that 
x'li ■ ■ - x't another set of characters of G such that G* is the direct sum of the cyclic 
subgroups generated by the x'l- Let d[ be the order of xj, i = 1, . . .t; then by (1.5) the 

multiplication maps induce for I ~ 1, . . . i isomorphisms Lp[ : L'^f' — >C'Y(X]i '^^T^^^)' 'v^here 

< b\ < nii and x'lliii = "^i' ■ By the associativity and commutativity of the multiplication 
the algebra structure defined on Oy ® ®x^i ^^'^ '^'i same as that induced by 

the tpj. Hence it is enough to analyze to what extent the isomorphism class of tt depends 
on the tpji 

Proposition 1.6. (1) (Global case). If H^{Oy) = IK*, then the building data deter- 
mine n: X ^ Y up to isomorphism of G-covers. 
(2) In general, given two standard covers tt^ : Xi ^ Y , i = 1, 2, with the same building 
data, there exists an etale cover Y' ^ Y such that, after base change with Y' — > Y , 
TTi and n2 give isomorphic G-covers. 

Proof. (2) We use the notation introduced above. Let £, £' be two Oy-algebra structures on 
C'yffi®^^! given by isomorphisms tpj, respectively ip'y The isomorphisms tpj, (p'j differ 
by an automorphism of l®"^^ ^ namely by multiplication by an element kj £ II^{Oy). This 
automorphism is induced by an automorphism of Lj iff kj has a dj-th root hj £ _ff°(C'y). 
So, up to taking an etale cover, one can assume that the roots hj exist. By formulae (2.15) 
of [Par91], the hj can be used to define for all % € G* \ {1} automorphisms 4'x that 
commute with the isomorphisms (/s^.x' ^^'^ '^x x' ' 

To prove statement (1), just observe that if _ff''(C'y) = K* no base change is necessary 
to construct the isomorphism above. □ 

Remark 1.7. Let n: X —i' Y he a G-cover with branch data Di, {Gi,ifii), let y G F and 
let (Ti be local equations for Di near y. Combining Proposition 1.6 with the local equations 
(1.4), we see that, up to passing to an etale cover of {Y,y), X is defined locally near y by 
the equations: 

k . 

(1-6) ZxZx'=1[<jI^'>^'zxx', X,x'eG*\{l}, 

1=1 

1.3. Covers of smooth varieties. Here we find conditions for a G-cover of a smooth 
variety to be standard. We keep the notation of the previous section. 

Definition 1.8. Let F be a smooth variety and let tt : X — )■ y be a standard G-cover with 
building data Lx, Di, {Hi,'ipi). By Lemma 1.5 the branch locus of tt is the support of 
the divisor X^i ^i- 

We define the Hurwitz divisor of tt as the Q-divisor _D := V ^"^^^ Di. Notice that the 
support of D is equal to . 
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We say that a variety is d.c. (has double crossings) if every point is either smooth or 
analyticaUy isomorphic to xy — 0. We say that a variety is g.d.c. (has generically double 
crossings) if it is d.c. outside a closed subset of codimension > 2. 

The foUowing result generalizes the main result of [Par91]: 

Theorem 1.9. Let ir: X ~>Y be a G-cover such that Y is smooth and X is 82- Then: 

(1) X is normal iff tt is standard and every component of the Hurwitz divisor D has 
multiplicity < 1. 

(2) Assume that tt is standard. Then X is g.d.c. iff every component of D has multi- 
plicity < 1. 

(3) Assume that X is g.d.c. Then tt is standard iff for every irreducible divisor F of 
Y such that X is singular above F one has Hp — for some s. 

In the case G — Z2, which is of special interest to us because of the applications in [AP09] , 
Theorem 1.9 reads: 

Corollary 1.10. Let n: X ^Y be a W^-cover such that Y is smooth and X is 82. Then: 

(1) X is normal iff tt is standard and every component of D has multiplicity < 1. 

(2) X is g.d.c. iff tt is standard and every component of D has multiplicity < 1. 

Remark 1.11. Let tt: X ^ Y he a, standard C?-cover with Y smooth and X g.d.c. and let 
-F be a component of the branch divisor D^^. By Lemma 1.5, we have Hp — =f} ^i- 

The pairs (subgroup, character) corresponding to F can be determined as follows: 

• Assume that F has multiplicity < 1 in the Hurwitz divisor D. Then there is precisely 
one index i with Di = F. In this case. Hi = Hp and the character ■04 is given by 
the action of Hi on the tangent space to X at the generic point of an irreducible 
component of 7r-i(F) (cf. [Par91], §1 and §2). 

• Assume that F has multiplicity = 1 in Z?. Then there are precisely two indices 
ii and i2 such that Di-^ — Di^ — F and iJ^^ and Hi^ have order 2. So either 
Hp = Hi^ = Hi^ or Hp = Hi^ © i/^^. In the latter case the proof of Theorem 1.9 
shows that Hi-^ and Hi.^ are generated by the elements of Hp that interchange the 
two branches of AT at a general point of ti^^{F). 

Proof of Theorem 1.9. Statement (1) is [Par91], Thm. 2.1 and Cor.3.1. 

So consider the non-normal case. The cover tt is flat since Y is smooth and X is 6*2, 
hence we write as usual Ti^fOx = C'y ©©^^i ^x^- The cover is standard if and only if there 
exist branch data Di, {Hi,ijji) such that for every XiX' ^ G* \ {1} the zero divisor of the 
multiplication map Uy y' : L;;^ (g) L^} — > L~l, is equal to 7^, 61 ^'Di, where the el, ^, are 

'^''^ A. X XX ' i XtX XfX 

defined in §1.2. 

Notice that X, being S2, is non- normal if and only if it is singular in codimension 1. Fix 
a component F oi D such that X is singular above F. Write H := Hp. The cover tt factors 
as A — > X/H — > Y and F is not contained in the branch locus of the map X/H Y, hence 
X/H is generically smooth over F. It follows that there is an element of H that exchanges 
the two branches of A at a general point of tt^^{F). 

Let A — A be the normalization, let tt'' : A F be the induced G-cover, let {H' , ip') be 
the pair (subgroup, character) corresponding to F for the cover tt'^ and let m' be the order 
of H' (if tt" is not branched on F, we take H' and ip' to be trivial). Since the normalization 
map A — > A is G-equi variant, we have a short exact sequence: 

(1.7) ^ H' ^ H ^ Z2 ^ 0. 
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We consider the ff-covers p: X ^ Z := X/H and p": X ^ X / H — Z and we study the 
algebras A := p^Ox,F' and A'^ := P*0^ p,, where F' is an irreducible component of the 
inverse image of F in Z. We denote by t £ Oz,f' a local parameter. 

We distinguish three cases: 
Case (a): \H\ = 2. 

In this case H' — {0}, and X is given locally by = aP, where a e O'^ p, . 

Case (b): H is cyclic of order 2m' > 4. 

Let tp £ H* be a generator that restricts to ip' on H' . The algebra is generated by 
elements z, w such that: 

(1.8) z"' = atw, = b 

where a, 5 S O*^ p, and H acts on z via the character V' and on w via the character t/;™ . The 

eigenspace corresponding to ij)^ is generated by Zj := for < j < to', and by Zj := wz^~"^ 
for m' < j < 2m' . Since the inclusion C y^'' is G-equi variant, A is generated by elements 
of the form Zj for suitable > 0. 

Since H &x.esp~^{F') pointwise, by the argument in the proof of Lemma 1.5 A is contained 
in the subalgebra B of A" generated by 

1, z'" = tw, Zj, 1 < j < 2to' — 1, j ^ to'. 

B is also generated by zi — z, z,„'_|_i = wz, with the only relation bzf = z^^,^-,^, hence SpecS 
is g.d.c. and the map SpeC;B — >■ Specy^ is an isomorphism. So A = B. 
Case (c): H is not cyclic. 

In this case to' is even and H = H' x We denote hy G H* a character that restricts 
to ip' on H' and by (f> the character such that H' — ker 0. A"^ is generated by z, u> such that: 

(1.9) z"' = ai, ^ 6, 

where a,b € O*^ p, and iJ acts on z via the character ip and on w via the character <j). 
Arguing as in the previous case, one checks that A is generated by: 

1, Zi :— Z, . . . , Z™ ,tw, Zm' + l '■= zw, . . . , z™ ~^w. 

A can also be generated by zi, z„i'+i with the only relation bzf ~ ^m'+i- 

For xi, X2 G G* \ {1}, denote by exi,x2 the order of vanishing on F of the multiplication 
map /ixi-X2 • -^xi^ '■^ ~^ ^xiX2- Using the above analysis and arguing as in the proof of 
[Par91, Thm. 2.1], one obtains the following rules, up to exchanging xi and X2- 
Case (a): e^,,^^ ^ 2 if xi,X2 i H-^ , 
Sxi,x2 — otherwise. 

Case (b): For i ~ 1,2, write XiIh = -0"'™ +^», where = or 1 and < Pi < m' . Then: 
Sxi,x2 — 2 ii ai = a2 = I, i3i — /32 = 0, 
^xi,X2 = 1 if ai = 1, /3i = 0, > 0, 
£xi,x2 — [(/^i + P2 — 1)/'T^'] in the remaining cases. 
Case (c): For i = 1, 2, write XiIh = 0"'V'^S where = or 1 and < Pi < to'. Then: 
'^xi,X2 = 2 if ai = a2 = 1, /3i = /32 = 0, 
ex,,x2 = 1 if ai = 1, /3i = 0, ^2 > 
Sxi,x2 = + P2)/rn'] in the remaining cases. 
In the above analysis the group Z| appears in case (a) and case (c) for to' = 2. In case 
(a), the cover tt is standard: F appears twice among the branch data, both times with 
label H. In case (c), tt is standard for to' = 2: F appears twice among the branch data. 
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with labels Hi and H2 corresponding to the subgroups of order 2 of H distinct from H' . 
Moreover, it is not difficult to check that in case (b) and in case (c) for m! ^2 the cover is 
not standard. So we have proven (3) and also that every component of the Hurwitz divisor 
D oi a. standard g.d.c. cover has multiplicity < 1. 

Vice versa, assume that tt is standard and F appears in D with multiplicity < 1. If the 
multiplicity is < 1 then the cover is normal over F . If the multiplicity is equal to 1, then 
F appears twice among the branch data, and the corresponding subgroups Hi and H2 have 
order 2. li Hi = H2, then the cover is given over the generic point of F by the equation 

— ut'^, with u a unit; so it is g.d.c. If Hi ^ H^-, then the cover is given by the equations 
z\ — at, z\ — bt, with a and b units. These equations are equivalent to az| — bzf, so the 
cover is g.d.c. This completes the proof of (2). □ 

1.4. Covers of normal varieties. Let tt: X ^ Y he a G-cover such that Y is normal 
and X is 52 . Let Yq be the nonsingular locus of Y. Then the restriction ttq : Xq — )■ Iq is a 
G-cover, and by Lemma 1.2 tt is the unique S'2-extension of ttq to Y. Thus the theory in the 
normal case is the immediate extension of the nonsingular case. We record the changes: 

(1) The sheaves J-^ are no longer invertible but they are S2, i.e. in this case reflexive, 
divisorial sheaves. The multiplication maps are 

(2) The branch divisors Dg are Weil divisors. 

Otherwise, the same fundamental relations between F^ and Dg must hold. 

One has to be careful that the morphism tt may be not flat; indeed, it is flat iff all F^ 
are invertible. Also, for a singular Y the branch locus may have non-divisorial components. 

Example 1.12. Let X = A'^ = Spec k[x, y], — 7^2 acting by a; 1— ?> —a;, y 1— ?> —y, and let Y 
be the quotient Spec k[x'^,xy, y^], a quadratic cone. Then tt is ramifled only over the vertex 
P of the cone. The divisors Dg are zero. The eigensheaves are Fi = Oy and F-i, the 
divisorial sheaf corresponding to a line £ through the vertex. F-i is also isomorphic to the 
Oy-submodule of Ox generated by x and y. 

The fundamental relation in this case is 2F-i — 0. 

1.5. Covers of non normal varieties. Now we assume that F is a non normal g.d.c. and 
S2 variety. Let C be the divisorial part of the singular locus oi Y , let 1/ : Y Y be the 
normalization, let C be the inverse image of G in F and let G' — >■ C be the normalization. 
Since Y is g.d.c, there is a biregular involution t on C induced by the degree 2 map 
C C ^ C. (If the components of Y are smooth, then C is a union of several pairs 
of varieties, exchanged by the involution l. In general, some components of G map to 
themselves). Consider a commutative diagram: 

X' — ^X 



Y ^Y 

where X and X' are g.d.c. and S2 varieties, the vertical arrows are G-covers, X' ^Y is 
a cover as in the previous section, and X' — > X is a birational morphism. 

We denote by B,B' the preimages of G, G' in X, X' , and by B' the normalization of B' . 
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(1.10) 



B' 




We first give two constructions for the cover X Y starting with X' Y and the 
appropriate data for the double locus. One construction proceeds by 5'2-fication of the 
"nice" part. The second one is by a gluing procedure, and the result is very convenient for 
computing the invariants of X. Finally, we show that indeed every X ^ Y conies from 
these constructions. 

Theorem 1.13. Suppose we are given 

(1) Y, Y, a, {C',l),^ 

(2) a G -cover X' Y , with X' an S2 and g.d.c. variety, 

Let B' — > C" be the induced cover and let B' — > B' be its normalization. 

Then X' can be glued to a cover X ^ Y with X g.d.c. and S2 if and only if it is 
generically smooth along B' , and there exists an involution j: B' — > B' that covers the 
involution l: C ^ C and commutes with the action of G on B' . 

Proof by S2-fication. Assume that X exists. Then the map B' ^ X induces an involution 
J as required. In addition, if X' were not generically smooth along a component F oi B' , 
then X would have generically at least three branches along the image of F. Thus these 
two conditions on X' are necessary for the existence of X. 

Next we show that they are also sufficient. We start by identifying the "bad locus". It 
includes the singular locus of Y, the intersection of branch divisors between themselves and 
with G' . The image of this bad locus in Y has codimension > 2. Let Yq be its complement, 
and restrict all varieties and covers to Yq. 

The condition that the involution j commutes with the G-action implies that for any 
irreducible component F of B' the subgroup H of elements of G that fix F pointwise is the 
same as the supgroup of elements that fix jF pointwise. Since X' is generically smooth 
along B' , one has (cf. [Par91, §1]) H = Z„ for some n and, working etale-locally, H acts 
locally by {x, X2,... a;„) 1-^ {^x, X2 ■ . ■ a;„) near F and by (y, ^2 • • ■ {S.^'V, 2/2, ■ ■ ■ near 

jF for some primitive root ^" = 1 and (a, n) — 1. Here yi = j*Xi, i = 2, . . . n. 

We glue Xq along Bq := B'^/j = B'^/l to obtain a variety Xq with a finite morphism 
to Yq. The G-action extends to Xq, because j commutes with the G-action, and is of the 
type (smooth) x (compatible action of curves), where "compatible" means that, working 
etale-locally, Z„ acts on xy = by a; n- ^x, y ^ 

Over the double locus we have K[x, y\/ {xy) and the ring of Z„-invariants is K[u, v\/{uv), 
where u = x^ and v = y"' . Thus, Xq has only normal crossings and Xq -^Yqis& G-cover. 
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Finally, we apply Lemma 1.2 to obtain an 5*2 and g.d.c. cover X ^ Y hy taking S2- 
fication. □ 

Proof by explicit gluing. We obtain X by gluing X' along the involution j : B' ^ B' , i.e. as 
the pushout of the following commutative diagram: 

B'/j O^, ^ Og^/^- 



X' Ox' 
Since all varieties are affine over Y ^ Ox is the fiber product of the corresponding diagram 
of Oy-algebras, in which we identify sheaves with their pushforwards on Y . We can rewrite 
this fiber product diagram by saying that Ox is the kernel in the exact sequence 

O^Ox^Ox'® Og7/^. A Og,. 

Further, we have 

Og^/j -> Og^ ^ -4 ^ 0, 

where A is the alternating part (if charK 7^ 2 then Oj^, = ^w/j ® -4)' ^^"^ image of /3 
contains Oj^, Hence, we have induced exact sequences 

(1.11) Q^Ox^Ox'^A, ^ Ox ^ Ox' A ima ^ 

The thus defined variety X is S2 by the next Lemma 1.16, since ima is a subsheaf of A and 
so obviously does not have embedded primes. It is g.d.c. again by looking in codimension 1 
as in the previous proof. The G-action on X' descends to a G-action on X since j commutes 
with the G-action on B' and by construction the subalgebra of G-invariants is the algebra 
of Y glued along G'/t, i.e. Oy- □ 

The varieties X obtained in the two proofs coincide, since they both have finite morphisms 
to Y , are both 6*2 and they coincide over an open subset Yq <zY with codim(y \ ^0) > 2. 

Warning 1.14. It may happen that there is no covering involution of B' but only of its 
normalization B' . Then the double locus of X is obtained from B'/j by some additional 
gluing in codimension 1 (codimension 2 for X). As a consequence, branches of X may not be 
82- But the variety X is 82- [AP09, §5.4] contains multiple examples of this phenomenon. 

On the other hand, the involution j need not be unique. For instance, if g G G has order 
2, then jg is another involution satisfying the assumptions for gluing. The next example 
shows that gluing via different involutions can give rise to non isomorphic covers. 

Example 1.15. Let Y = {v? — wv^ = 0} C A,tj„_,„. The normalization of Y is the map 
Y = Al t Y defined by u = st, v = t,w = s^. Here C = {u ^ v ^ 0},c'' ^ C = {t = 0} 
and the involution l of G' is given by s n- — s. 

Let X' = {e^ = 1} C J g and let p: X' Y be the trivial Z2 cover, given by the 
projection on the coordinates s, t. The Z2-action is e i-^ — e and B' = B' = {t — 0, — 1}. 
There are two involutions of B' that lift t, namely ji := (s, e) i-^ (— s, e) and j'2 := (s, e) i-^ 
(— s, — e). The cover Xi —> Y obtained by gluing via ji is obviously the trivial Z2-cover. 

We describe the cover X2 — > Y obtained by gluing via j2 following the second proof of 
Theorem 1.13. The map B' B' / j2 corresponds to the inclusion K[se] K[s.e]/(e^ — 1] 
and the map B' — >■ X' corresponds to the surjection K[s,t, e]/(e^ — 1) — )■ K[s,e]/(e^ — 1]. 
The fiber product of these two ring maps can be identified with R := K[s,t, ei]/(e^ — 1) C 
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K[s,i, e]/(e^ — 1). The map R — >■ K[x,y, z]/{x^ — y^) defined by s i~> z, i h-t' a;, ei H' y is an 
isomorphism, hence X2 is the union of two copies of glued along a line. The cover X2 — > Y 
is given by {x, y, z) ^ {x, yz, z^) and the Z2-action on X is given by (a;, y, z) 1— >■ (x, — y, — z), 
thus (0, 0, 0) e y is the only branch point. So the ramification locus of a standard G-cover 
has always pure codimension 1 but this not true for the G-covers obtained from a standard 
cover by gluing and the analogue of Lemma 1.5 does not hold. 

Lemma 1.16. With the notations as in the 2nd proof by gluing, assume that X' is Sn for 
some n >2. Then X is S'„ iffima is S'„_i. 

Proof. We use the cohomological interpretation of depth using local cohomology [Har67, 
3.8] (alternatively and equivalently one can use 'Ext\Ox.z/'mx,z,'))- A sheaf £ satisfies 
Sn iff for every irreducible subvariety Z gY one has H^^{£) = for all i < min(rt, codim Z). 
Looking at the long exact sequence of cohomologies corresponding to the short exact se- 
quence (1.11), we get iJ^(C'x) = W^^{ima) for all i < min(n, codim Z). The statement 
now follows. □ 

We spell out Theorem 1.13 in a special case, which is of interest to us because of the 
applications in [AP09]. 

Example 1.17. Take G = Zj. For simplicity of exposition, we assume that F = Fi U ^2 
is the g.d.c. union of two smooth projective surfaces that intersect along a smooth rational 
curve G, but all our considerations generalize straightforwardly to the case of a g.d.c. surface 
with smooth components whose double locus is a union of smooth rational curves. 

We have Y = Yi\JY2, hence an S2 and g.d.c. G-cover X' ^ Y is the disjoint union of 
S2 and g.d.c. covers tt^ : X'^ Yi, i = 1,2. By Corollary 1.10, the covers tt^ are standard. 
We denote by D^^\. . . , g['\ . . . gi^ thcbranch data of tt^, i = 1,2. We write G' = G' = 
C[ U C2, B' = B[ U B'2 and B' = B[U B'^. We denote by 7i the generator of subgroup 
He'.. An involution j of B' as in Theorem 1.13 exists if and only if there is an isomorphism 
B[ — > B'2 compatible with the G-action. This is equivalent to the following conditions: 

(1) 71 72 7, 

(2) for y e G, denote by ^1^^)^ the intersection multiplicity at y of D^j^^ with G = Gi, 

(2) . . ... (2) 

h ~ 1, . . .ri and by ruy/s the intersection multiplicity at y of Di with G = G2, 
s — 1, . . . r'2- Then: 

X! '^'^yhh = X! "^l/^s^f mod 7, yyeC. 

h s 

Indeed, (1) follows immediately by the fact that j commutes with the action of G. In addi- 
tion, by the normalization algorithm of [Par91, §3] condition (2) is equivalent to requiring 
that the branch data of the normalizations B[ ^ C and i?2 — > G of the G/(7)-coverings of 
G = Gi = G2 induced by vri and tt2 are the same. Since G is smooth rational, the branch 
data are enough to determine the building data (cf. Remark 1.3). Since G is projective, the 
building data determine the cover up to isomorphism by Proposition l.G. 

Assume that the gluing conditions are satisfied. Giving an involution of B' that commutes 
with the G action is the same as giving an isomorphism of G-covers a: B[ ^ B2. Then any 
other such map a' is equal to ag for some 5 G G and the automorphism of X' = X[ U X2 
defined hy x 1-^ x il x £ X[ and x t-^ gx il x €z X2 induces an isomorphism of the cover of 
Y obtained by gluing via a with the one obtained by gluing via a'. So in this case all the 
possible involutions give isomorphic covers. 
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Theorem 1.18 (The reverse). Vice versa, every G-cover X — >■ Y with g.d.c. S2 varieties 
X,Y is obtained via the gluing construction of Theorem 1.13. 

Proof. Given X Y and the normahzation Y Y, let X" be the fiber product X" = 
X Xy Y. We define X' as X' := S'aCX^^^^) ^ X^^^ X" . Thus, X' is S2 by definition, and 
it maps to Y . By the universality of taking the reduced part and S'2-fication, there is an 
induced G-action on X' . By the universal property of G-quoticnts, we also have a morphism 
X' /G — >■ Y . We claim that it is an isomorphism. 

It is enough to check this in codimension one over the double locus. We claim that 
generically over the double locus of F, the cover is (smooth) x (admissible action of curves), 
where "admissible" means that, working et ale- locally, X is given hy xy = Q, and the action 
is a; I—)- ^x, y for some primitive root ^" = 1 and (a, n) = 1. Indeed, let Hp be 

the subgroup of elements that restrict to the identity on an irreducible component F of the 
double locus of X. Then on the normalization on both branches we have the same subgroup 
for the preimages F' and jF' . Since generically F',jF' are smooth, Hp = Z„ for some 
n > 1 (note that one possibly has n = 1). 

Thus, etale locally the morphism X Y can be written as 

(smooth) X K[u,v]/{uv) — > K[x,y]/{xy), u i-> x", v ^ y", 

where G acts as a; H> ^x, y 1— > ^" — 1, (a,n) = 1. Computing, we get that X" 

corresponds to (smooth)xK[a;, j/]/(a;j/, y") © K[a;, y]/(a;y. x"), and X' to K[x] 0K[j/]. The 
quotient X' /G is then K[u] ® K[v], i.e. Y. 

This proves that 0: X'/G — F is an isomorphism outside a closed subset of codimension 
> 2. Since both are finite over Y and S'2, (f) is an isomorphism. □ 

2. Singularities of covers 

2.1. The canonical divisor and sic singularities. Let Z he a variety, let Bj, j — 1, . . . n, 

be effective Weil divisors on X, possibly reducible, and let bj be rational numbers with 
0<bj < 1. Set B = 'ZjbjBj. 

Definition 2.1. Assume that Z is a normal variety. Then Z has a canonical Weil divisor 
Kz defined up to linear equivalence. The pair {Z, B) is called log canonical if 

(1) Kz + B is Q-Cartier, i.e. some positive multiple is a Cartier divisor, and 

(2) Every prime divisor of Z has multiplicity < 1 in i3 and for every proper birational 
morphism h: Z' ^ Z with normal Z' , in the natural formula 

Kz'+h-^B^ h*{Kz + B)+J2 

one has Oi > — 1. Here, Ei are the irreducible exceptional divisors of h, the pullback 
h* is defined by extending Q-linearly the pullback on Cartier divisors, h~^B = 
^bjh~^ Bj is the strict preimage of B. The coefficients are called discrepancies. 
For the non-exceptional divisors, already appearing on Z, one defines a{Bj) = —bj. 

If charK = 0, then Z has a resolution of singularities h: Z' Z such that 
Supp(/i;7^i3) U i?i is a normal crossing divisor; then it is sufficient to check the 
condition a.; > —1 for this morphism h only. 

Definition 2.2. A pair {Z, B) is called semi log canonical if 
(1) Z satisfies Serre's condition S'2, 
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(2) Z is g.d.c, and no divisor contains any component of the double locus of 

(3) some multiple of the Weil Q-divisor Kz + -B, well defined thanks to the previous 
condition, is Carticr, and 

(4) denoting \iy v: Z ^ Z the normalization, the pair (Z, (double locus) + v^^B) is 
log canonical. 

Lemma 2.3. Let f : X ^ Y be a finite morphism of degree d between equidimensional S2 
varieties. Assume that either charK = 0, or f is Galois and charK does not divide d. 
Let Yq be an open subset and denote by /o : — > the induced cover. Assume that: 

• codim(y \ lo) ^ 2 and both Xq and Yq are d.c, 

• there exist effective Q-divisors of X and B^ ofY , not containing any component 
of the double locus, such that {fo)*{KYo + B^«) = {Kxo + B^°), where B^° is the 
restriction of B^ to Yq and B^° is the restriction of B^ to Xq . 

Then: 

(1) Ky + B^ is Q-Cartier iff so is Kx + B^ . 

(2) The pair (Y, B^) is sic iff so is the pair (X, B^). 

Proof. (1) Let i: Xo ^ X be the inclusion map. If the sheaf L = Oy{N{Ky + B^)) is 
invertible then we have a homomorphism 

Ox{N{Kx + S^)) - i.{Ox„{N{Kx,+B''«))) ^ f*L 

which is an isomorphism outside of codimension 2. So it must be an isomorphism by the 
S2 condition. Similarly, if the sheaf L' = O x{N [K x + B^)) is invertible then the sheaf 
L — OY{Nd{KY + B^)) is isomorphic to the norm of L', so is invertible. 

(2) Assume first that X and Y are normal. In the case this statement, due to Shokurov, 
is very well known. We recall the proof because usually it is only stated and proved in 
characteristic zero. Let hY '■ Y' ^ Y he some partial resolution with normal Y' , X' be the 
normalization oi X Xy F' , and let hx : X' X , f : X' ^ Y' he the induced maps. 

Pick an irreducible divisor E otiY' ^ and let F be an irreducible divisor on X' over it. 
By our condition on charK, the field extension IK(i^)/K(i?) is separable, and if nxi t^y are 
uniformizing parameters in the DVRs Ox',f and Oy',e, then one has Try = u ■ ttJ^ for a 
unit u and some integer e dividing d and hence coprime to charK. 

Then Riemann-Hurwitz formula applies and says that generically along E and F one 
has {f')*{KY' + E) ^ Kx' + F. Comparing this to the identity lf')*h'^{KY + B^) = 
h*x{Kx + B^) and the definition of the log discrepancy, one obtains that l + ap = e.{l + aE). 
Thus, OF > -1 <^ aE>-l. This proves that {X,B^) is Ic iff {Y,B^) is Ic. 

Now consider the general g.d.c. case. Let vx '■ X X he the normalization. We have 

+ B^ := v*x{Kx + B^) = i^xl^^ + (double locus), 

and similarly for Y. Thus, the double loci appear in the divisors B^, B^ with coefiicient 1. 
By the Riemann-Hurwitz formula again, for the normalizations we still have f*{KY+B^) = 
Kj^ + B^ . We conclude by applying the normal case. □ 

We now extend Definition 1.8 of Hurwitz divisor to the case of a g.d.c. base Y: 

Definition 2.4. Let tt : X Y he a. G-cover of S2 and g.d.c. varieties. For a prime Weil 
divisor C y, we define pp G Q as follows: 

• if F is contained in the double locus of Y, then pp = 0; 
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• if F is not contained in the double locus of y, but tt^^{F) is contained in the double 
locus of X, then pp — 1, 

• if F is not contained in the double locus of Y, 7t^^{F) is not contained in the double 
locus of X and m is the ramification order of tt at F, then op — i. 

We define the Hurwitz divisor I? of tt to be the Q-divisor J^f PfF. 

Notice that if X — > F is a standard G-cover with X g.d.c. this definition coincides with 
Definition f .8 by Theorem 1.9. 

Note that D does not contain any components of the double locus of Y . 

Proposition 2.5. Let n : X ^ Y he a G-cover as in Definition 2.4 and let D be the Hurwitz 
divisor o/tt, let X' ^ Y he the corresponding S2 and g.d.c. G-cover (cf.^ 1.5) Then 

(1) Kx is Q-Cartier iff so is Ky + D, and then Kx = t^*{Ky + D). 

(2) X is sic iff so is the pair (Y, D). 

Proof. Recall that \G\ and charK are coprime by assumption. So Lemma 2.3 applies and 
we may assume that Y is d.c. We need to show that Kx = 7t*{Ky + D). This is equivalent 
to the following equality for the cover tt: X ^ Y, where X is the normalization of X' (and 
of X): 

Kj^ + (double locus) = 7f*(KY + (double locus) + i^*D). 
In view of Definition 2.4 the formula follows easily by the usual Hurwitz formula. □ 

2.2. Cohen— Macaulay covers. By Lemma I.f , a G-cover over a smooth base is CM. Here, 
we give a partial generalization of this case to the case of a non-normal base. We use the 
notations of Theorem 1.13 and the exact sequence (l-H). 

Proposition 2.6. Assume that X' is CM (for example, Y is smooth). Then X is CM iff 
the sheaf im a is CM. 

Proof. Immediate by Lemma 1.16. □ 

Using Proposition 2.6 it is not hard to give examples of abelian covers X ^ Y such that 
Y is CM and g.d.c, and X is g.d.c. and 5*2 but not CM: 

Example 2.7. We take G — Z2 and assume charK 7^ 2; for any prime p one can construct 
similar examples with G — Zp and charK ^ p. 

Let Y = Yi U Y2 he the union of 2 copies of P"^ glued transversally along a plane G. Let 
Li and L2 be distinct lines on G and for i = 1, 2 let Di C li be a quadric that restricts to 
2Li on G. For a generic choice, Di is a quadric cone with vertex yi £ Li and the points j/i, 
y2 and 7/3 := Li n L2 are distinct. Let X'^ — >• Yi be the double cover of Yi branched on Di 
and let X' — X[ U X'2. Then X' is Gorenstein, has an ordinary double point over yi and 
1/2 and no other singularity. Write G' = G[VA G'2 and B' = B[U B'2\ then B'i is the union 
of two copies of G- glued transversally along Li and B' — >■ G' is the trivial Z2-cover. Hence 
there exists an involution j of B' that commutes with the Z2-action, and by Theorem 1.13 
X' can be glued to an ^2 and g.d.c. cover X Y . The d.c. locus of X is the complement 
of the preimage of Li U L2- 

In the exact sequence (l-H) each term splits under the G-action and the maps are com- 
patible with the splitting, so we get two exact sequences, one for each character of G. Since 
A = Oc ® Oc and Z2 acts on A by switching the two summands, the sequence for the 
nontrivial character is: 

^ :f_ ^ ® OyA-'^) ^ Oc, 
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where T- (resp. .4") is the antiinvariant summand of Ox (resp. of A). By definition, the 
map 1) — Oc factorizes as Oy. (— 1) — Oc{—Li) — > Oc- Hence, ima^ coincides with 

ly^Oc, the maximal ideal of in C, and therefore it is not It follows by Proposition 
2.6 that X is not CM over 2/3. 

Let y € Li he a point distinct from 1/3; in a neighbourhood of y we have (Di + D2) H Y2 = 
Li, thus Di + D2 is not Q-Cartier. Since Y is Gorenstein, it follows that 2Ky + Di + D2 
is not Q-Cartier either, hence Kx is not Q-Cartier by Proposition 2.5. 

2.3. Cartier index of Kx- All the statements in this section are etale local, so we often 
pass to a smaller neighbourhood of a point without explicit mention of the fact. 

For convenience, we write "Kx" to denote the divisorial sheaf cox (recall that X is 
Gorenstein in codimension 1 and 5*2). We also use the additive notation Di + D2 for the 



2.3.1. Standard covers with Y normal. We consider the following situation: 

• Y is a normal variety and C is a reduced effective divisor on Y such that Ky + C 



• tt: X — >■ y is a standard g.d.c. G-cover (so X is automatically S2 by Lemma 1.1). 
We assume that X is generically smooth over C and we denote by B the preimage 
of C in X. So B is also a reduced effective divisor. 
Let D be the Hurwitz divisor of tt; then we have: 



Thus, if d is the exponent of G, then the divisor d{KY + D + C) is Cartier (recall that 
the divisors Di are Cartier by the definition of a standard cover in Section 1.2) and thus 
d{Kx + B) is also Cartier. 

Fix a point y £Y; the purpose of this section is to compute the Cartier index of Kx + B 
at a point x & X such that 7r(x) = y. Here we are interested mainly in the case B = 0, but 
the case of a pair is needed in the next section to treat the case Y non-normal. 

In order to state our result we need some notation. We label the branch data Di, {Hi, ipi), 
i — 1, ... k, in such a way that Di C C iS i < p. Since the question is local on Y we may 
assume that y G Di for every i. Consider the map G := (BHi G. By Lemma 1.5 the 
image of this map is the inertia subgroup Hy-, we denote by N the kernel. We let x G G 
be the character V'p+i • • • "^fc- 

Reminder: Since the group G is finite abelian, the map G* — >■ H* is surjective. So the 
character x is the pullback of a character of Hy iff it is the puUback of a character of G. 

Proposition 2.8. Notation and assumptions as above. 

The Cartier index of Kx + B at x is equal to the order of N / [N H ker %) . 

In particular, Kx + B is Cartier iff x is the pull back of a character % G G* . 

Proof. Since the question is local, we may assume that the line bundles L^, OyiDi) and 
Oy{Ky + G) are trivial. The map X — >■ X/Hy is etale, hence up to replacing Y by X/Hy 
we may assume that Hy = G, or, equivalently, that Tr^^{y) — {x}. We denote by ui, . . .Uk 
local equations of Di, . . . Dk near y. By Remark 1.7, up to passing to an etale cover of Y 
we may assume that X is given by: 



sheaf {Ox{Di)<S)Ox{Di)) 



is Cartier; 



Kx+B^ Tr*{KY+D + C). 




x,x' 



Z- 



x,x'eG*\{i}, 



(2.2) 




'A 



k 



= Uk 
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define inside Y x K'^ a G-cover X ^ Y {G acts on Zi via the character ipi), the maximal 
totally ramified cover of Y with branch data Di, {Hi, ipi) (here we regard Hi as a subgroup 
of G). Since Y is g.d.c. by assumption and X Y and X Y have the same Hurwitz 
divisor, X is also g.d.c. by Theorem 1.9. 

For every x g G*, write x — ' ' ' "^fc^i with < < for i = 1, . . . fc; then setting 

^1 ^fc 

= Z]^'^ • • • z^'' defines a map p: X — >■ X which is the quotient map for the action of the 

kernel N of G ^ G. The map p is unramificd in codimension 1 and p~^{x) consists of just 
one point x. 

Denote by B the preimage of G (and of B) in X; observe that Ky + D + G pulls back to 
Kx+B on X and to Kj^ + BonX. If r is a generator of OyiKy + G) then OyC^x + ^) 
is generated by the residue a on X of the rational differential form: 

[z]^''^ ■ ■ ■ Zp''^)dzi A---AdzkAT 

/nil \ / "f^k \ 

Thus Oj^lKj^ + B) is invertible and G acts on the local generator a via the character x- 
Set Z := X /{N n kerx). The map X ^ Z is unramified in codimension 1 and a descends 
on Z to a generator of Oz{Kz + Bz), where Bz is the image of B. The map Z — X is a 
cyclic cover with Galois group N/{N n kerx) with the following properties: 

• it is unramified in codimension 1 and the preimage of x consists only of one point, 

• the pull back of Ox{Kx + S) is a line bundle on which the Galois group acts via a 
primitive character. 

It follows that Z — >■ X is a canonical cover and that the Cartier index of Kx + -B at a; is 
equal to [iV : n ker x] ■ □ 

Corollary 2.9. Leti:: X ^ Y be a standard abelian with X andY g.d.c. andY Gorenstein, 
let y £ Y and let x £ X be a point such that ■k{x) — y. Then X is Gorenstein at x iff the 
character X descends to a character x, of Hy. 

Proof. X is Cohcn-Macaulay by Lemma 1.1 and Kx is Cartier by Proposition 2.8. □ 

Remark 2.10. Corollary 2.9 is proven in [Iac06] under the assumption that X is normal 
and Y is smooth. 

2.3.2. The case Y non-normal. Here we consider the problem of determining the Cartier 
index of Kx at a point x G X oi a, G-cover X ^ Y with Y non- normal of Cartier index 1. 
The situation is much more complicated than in the case Y normal and we are able to give 
only a partial answer, that is however sufficient for the applications in [AP09]. The main 
difficulty is that one does not know how to write down an analogue of the maximal totally 
ramified cover used in the proof of Proposition 2.8. 
We consider the following setup: 

• F = Fi U • • • U Yf , where Yi is irreducible for i = 1, ... is a g.d.c. and 5*2 variety; 
Y — YiU ■ ■ ■ UYf ^ Y is the normalization, 

• vr : X — > y is an 5*2 and g.d.c. G-cover obtained by gluing a cover X' ^ X'^ U ■ ■ ■ Li 
X[ — > Y such that X'^ — )■ Yi is standard for every i, 

• y £ Y and x £ X are points such that ■n{x) = y; we assume that y lies on every 
component of the branch locus of tt. 

We denote by Di, {Hi,ipi), i = 1, . . . fc the branch data of the standard cover X' —i' Y 
and we assume that Di is contained in the preimage G' of the double locus of Y if and only 
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ii i < p. Consider the map G :— ®Hi — > G. As in the case Y normal, we denote by x G G 
the character V'p+i ■ ' ' V'fc- Then: 

Proposition 2.11. In the above setup, if Kx is Cartier, then: 

(1) Ky + D is Q-Cartier, 

(2) X is the pullback of a character x G G* . 

Proof. (1) Follows immediately by Proposition 2.5. 

(2) For every i = l,...t denote by C- C Yi (resp. B- C X-) the preimage of the 
double locus of Y in Yi (resp. in X-). Let x G G* be the character via which G acts on 
Ox{Kx) <8) K{x) at X. Let x'^ e X'^ be a point that maps to x and let be the image 
of x'^ in Yi. Since pulls back to Kx' + B[ on the inertia subgroup i/j^. acts on 
Ox'.{Kx'. + B[) ®K{x'i) via the restriction of x- Set Gy. := ®{i|2/ieDj}-f^i ^'iid let Xy^ be the 
restriction of x to Gy^; the map Gj,. — >■ iJy. is a surjection by Lemma 1.5. By the proof of 
Proposition 2.8 x pulls back on Gy. to x^. . Since G = ^{y'eyiy'M-y} ^2/'' follows that x 
pulls back to X on G. □ 

We now prove a partial converse of Proposition 2.11. Assume that for every component 
Yi olY the map Y ^ Y induces a homeomorphism — > 1^ onto its image (this is always 
true up to an etale cover). Then we associate to {Y^y) an incidence graph Ty^y as follows: 

- the vertices of Ty^y are indexed by the branches of {Y, y) , 

- the edges are indexed by the components of the double locus G of Y , 

- the edge corresponding to a component -F of G connects the vertices corresponding to 
the two branches of Y through F. 

Proposition 2.12. In the above setup, assume that: 

(1) the graph Ty y is a tree, 

(2) Ky is Cartier and there exists m such that m(Ky + D) is Cartier and (m, charK) = 
1, 

(3) X ^s the pullback of a character x € G* . 
Then Kx is Cartier. 

Proof. Let G^' C Yi the restriction of the double locus G' of Y and let B'^ C X^ be the 
preimage of G,'. Let e Yi be the only point that maps to y ^ Y; let Gy. and Xi be defined 
as in the proof of Proposition 2.11. 

By assumption (3), the divisor Kx> + B[ is Cartier by Proposition 2.8. By the following 
Lemma 2.13, up to replacing {Y^y) by an etale neighbourhood we may assume that for 
i = 1, . . .t the sheaf Ox'{Kx' + B'^) is trivial and has a generator ai on which G acts via x- 
By Proposition 2.5, there exists a local generator t of Ox{mKx) near x. For every i, by 
Lemma 2.13, r pulls back on X'i to /licr™ where hi is a nowhere vanishing regular function 
on Yi . Up to passing to an etale cover of Y we may assume that hi has an m-th root fi for 
every i. So we may replace ai by fiUi and assume that t pulls back to cr™ for every i. 

Now let [/ G X be an open set such that U is d.c. and the complement of U has 
codimension > 1. Let F be an irreducible component of the double locus G of F and let 
Ya, Yb be the components of Y that contain F. Choose an irreducible component E of 
the inverse image of F in U . It makes sense to compare ctq and Uh along E, since they 
both restrict to local generators of Oe{Ke). Since cr™ — cr™, there exists C, € Mm such 
that Ua = C^h along E. Since G acts on Ua and Ub via the same character x and G acts 
transitively on the components of the preimage of F, C^p := ^ depends only on F. So {Cf} 
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represents a class in H^{TY.y, Hm)- Since Fy^j, is a tree, we can find G /i^ such that the 
local generators A^cTi glue to give a local generator a of Ox{Kx) on which G acts via x- O 

We complete the proof of Proposition 2.12 by proving the following: 

Lemma 2.13. Let Z ^ W be a standard G-cover with building data L^,Di, (Hi,ipi). 

Let w € W be a point and let H be the inertia subgroup ofw. Let L be a G-linearized 
line bundle of Z , let z £ Z be a point that maps to w and let 4> G H* be the character via 
which H acts on L ® K(z). Then: 

(1) let X ^ G* be such that x\h = 4>; then, up to replacing W by an etale neighbourhood 
of w, there exists a generator a of L such that G acts on a via the character x; 

(2) a is uniquely determined by x up to multiplication by a nowhere vanishing regular 
function of W . 

Proof. (2) Assume that cr, a' are generators of L on which G acts via the character x- Then 
/ :— a I a' is a regular 77-invariant function on Z, so it is a function on W . 

(1) We break the proof into three steps. 
Step 1: the case H = G. 

Let s be a generator of L near z. The group H acts on the vector space V of local sections 
of L spanned by the elements /i*s, h G H. V is finite-dimensional, and decomposes under 
the G-action as a direct sum of eigenspaces. Since s{z) ^ and s E V, there exists an 
eigenvector a E V such that a{z) ^ 0. Since G acts on L (E) K(z) via x, o" belongs to the 
eigenspace corresponding to x- 

Step 2: the case in which G — H (B N for some N . 

Consider the factorization Z ^ Z' := Z/N — ^ W. The map Z' ^ W is, an ff-cover such 
that the preimage of w consists of one point z' e Z' . The subgroup N acts freely on Z, 
hence L descends to an i/-linearized line bundle L' on Z' . Then by Step 1 there exists a 
local generator a' of L' near z' such that H acts on a' via 0. Pulling back to Z we get a 
generator r of L on which H acts via and N acts trivially. 

Denote by (j)' the restriction of x to iV, so that x — {4>t4'')- Consider the factorization 
Z — > Z" := Z/H — > W . The map Z" W is a, etale iV-cover. So there exists a nowhere 
vanishing function / on Z" such that N acts on / via the character <j). Thus G acts on 
a :— fr via the character x- 

Step 3: the general case. 

Choose a finite abelian group A'^ with a surjective map Gq := © iV — >■ G that extends the 
inclusion H ^ G and let T be the kernel of Gq — > G. By Proposition 1.6, up to replacing 
W by an etale neighbourhood of w, we may also assume (cf. (1.4)) that Z ^ W is given 
inside W x K'^ by the equations: 

(2.3) y^^y^. -ntV '^'yxx'- X,x'eG*\{l}, 

where Ui is a local equation for D^, i — 1, . . . fc. The branch data for Z can be interpreted 
in an obvious way as branch data for a Go-cover. Letting Z^ ^ W he the Gg-cover given 
by the equations analogous to (2.3), we have Z = Z^/T by construction. Let Lq be the pull 
back of L to Zq. Lq has a natural Go-linearization and H is a direct summand of Gq, hence 
by Step 2 there exists a generator ctq of Lq on which Go acts via the character xo of Go 
induced by x- Since T acts freely on Zq and T C kerxo by construction, ao descends to a 
generator ct of L on Z on which G acts via x- D 
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3. Sic Z2-covers of surfaces 

3.1. Setup. In this section we make a detailed study of Z2-covcrs of surfaces. We use 
freely the notation introduced in §1.4. In particular, we refer the reader to the commutative 
diagram (1.10) and Theorem 1.13. 

The situation that we consider is the following: 

• y is a g.d.c. surface with smooth irreducible components Yi, . . .Yt. The irreducible 
components Fi,...Fs of the double curve C of F are smooth, Y is d.c. at the 
smooth points of C and it is analytically isomorphic to the cone over a cycle of 
rational curves at the singular points of C. In particular, Y is Gorenstein. 

• G = and tt: X — )• F is a G-cover with X g.d.c. and S2, obtained as in Theorem 
1.13 by gluing a cover X' ^ Y = Yi Li ■■■ Li Yt such that for every i — 1, . . .t the 
restricted cover tt^ : X'^ — 7> Yi is standard with building data 

• The Dij. and the components of the double curve C are "lines" of Y, namely they 
are smooth and meet pairwise transversally. 

• The intersection points of the support of the Hurwitz divisor D of n with the double 
curve G of y are smooth points of G. 

• Ky + D (or, equivalently, D, since Y is Gorenstein) is 2-Cartier and the pair (Y, D) 
is sic, so that by Proposition 2.5 X is sic and Kx is 2-Cartier. Recall that, since 
we assume that the components of 1^*0 and of C are lines, the pair (Y, D) is sic iff 
on Y the divisor v* D + C has components of multiplicity < 1 and has multiplicity 
< 2 at every point. 

• For every y & Y that is singular for G, label the components Yi, . . .Yq oiY contain- 
ing y in such a way that for every i — 1, . . . q the surfaces Yi and li+i meet along an 
irreducible curve Fi containing y (the indices are taken modulo q) and let e G be 
the generator of the inertia subgroup of Fi. By Theorem 1.13, for every i we have 
Qi-i = gi+i mod gi. We assume that the natural map {gi) © (gi+i) — > Fly is an 
isomorphism for every i — 1, . . . q. 

These conditions imply that the fibre of X ^ Y over y consists of 2^ /\Hy \ points. 
At each of these points X is analytically isomorphic to the cone over a cycle of q 
smooth rational curves. 

All the above assumptions are satisfied in the cases considered in [AP09]. 

3.2. Numerical invariants. Here we assume that the surface Y is projective. 
By Proposition 2.5, Kj^ can be computed as follows: 

(3.1) = 2''{Ky + v*D + (double locus))^ ^ ^ 2'^(AV. + D\y, + (double locus)|yj2. 

i 

To compute the cohomology of Ox^ we are going to write down explicitly in the above 
situation the sequences (1-11) in the second proof of Theorem 1.13 (as usual we push forward 
to Y all the sheaves). Since all the maps are G-equivariant, the sequences (1.11) split as 
sums of exact sequences: 

(3.2) Q^F^^®U^Ll^^A^, O^.Fx^®Ui.^x^(i^la)x^O, 

where % varies in G* and G acts in J^^, A^^ and (ima);^ via x- 

To describe the sheaves A^ and (im a)^, we need to introduce some more notation. Given 
a component Fi of G we denote by € G the generator of the inertia subgroup of Fi and 
by Ya, and Fb, the two components of Y that contain F;. We denote by Ei (resp. Ei^ai, 
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S/^f), ) the preimages of Fi in X (resp. X^^jX^J and by Ei the common normaUzation of Ei, 
Ei^ai, Ei_{,i (cf. Example 1.17). In the followmg commutative diagram: 



El 




EiMi ^ El ^ Ei,hi 




Fi 

the maps to Fi are G/(5/)-covers and the remaining maps are finite and birationaL The 
cover Ei ai Fi is standard and its building data can be recovered from those of X'^^ — Yq, 
as follows: 

• we identify {G/{gi))* with {gi)^ C G* and for every X ^ (g;)-"- we restrict to Fi, 

• for every D^' with gj gi, we label each point of -D^'I^F; with the image of gj in 
G/{gi). 

The same can be done of course for Ei^i,^ — ;> Fi. Let y S i^; be a point such that i^*D has 
multiplicity 1 at the points of Y that map to y (since we assume that 2D is Cartier, the 
multiplicity of v* D is the same at all points lying over y). Recall that by assumption Y 
is d.c. at y; denote by ay^i ay^2 the elements of G associated to the two branch lines of 
X'^^ — > Yai containing y and by /3y.i, /3y,2 the elements of G associated to the two branch lines 
of lb, containing y. We have ay_i + ay^2 = l3y,i + ,8j/,2 modulo gi (cf. Example 1.17). 

Then Ei^ai is singular over y iff ay^i and ay ^2 are both different from gi, namely iff there 
exists a character x with xidi) — 1 and xion.y) = x(a2,j/) = —1- For each x & G* and I such 
that xi9i) = 1 we denote by Ai^^ the set of points y G Fi such that x{<^i,y) = xi'^2,y) = — 1, 
and we take Ai^-^ to be the empty set if x{9i) 7^ 1- We define in a similar way Bi,^ by 
considering the cover i?/^f,, — ^ Fi. We have the following: 

Lemma 3.1. For x € (.9;)^ denote by Mf^ the eigensheaf of Oj^^ corresponding to x- Then 
the maps El — )■ Ei ai and Ei — > Ei f,^ induce isomorphisms: 

Proof. Follows by the normalization algorithm of [Par91, §3]. □ 

Let iV;.^ :— Ai^^ n B;.^ and let be the set of points y such that G is singular at y and 
x\Hy is trivial. We are now ready to describe (ima)^: 

Proposition 3.2. For every x G G* \ {1}, there is an exact sequence: 

^ (im«)x ®{i\M=i}Mi:^i~NLx) ^ 0. 

Proof. In our setup, the map B' G' is the disjoint union of two copies of i? = Uf=i Ei — 
Fi that are switched by the involution j. So by Lemma 3.1 the first sequence in (3.2) 
can be rewritten as: 

(3.3) O^F^^ ®UL-'^ ^ ®{i\xM=i}Mi:^- 

In addition, if Fi is a component of G contained in Ya, and Yf,, , then again by Lemma 3.1 
the image of the map L'^^]^ © ^bi\ ^ ^^^x equal to Mf^{—N^), so we have an exact 
sequence: 

(3.4) ^ (ima)x ^ ®{i\xi9.)=i}Mi:^i-K) 0, 
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where the cokernel is concentrated on the set . Using the description of the singularities 
of X at these points given in §3.1, one checks that C^^ has length 1 at points y such that 
x\Hy is trivial and it is elsewhere, so = Ot^- □ 

Remark 3.3. Let y E C he a smooth point, let F be the irreducible component of C that 
contains y and let Yi, I2 be the two components of Y that contain F. Let H the subgroup 
of G generated by the inertia subgroups of F and of the components of D that contain y. Of 
course one has H C Hy, but in the present setup equality actually holds. Indeed, if x G H-^ 
is a non trivial character, then by Proposition 3.2 the second sequence in (3.2) can be written 
near ?/ as — J^^ — Oyi ®Oy2 Op ^ 0, where is given by (/i, /2) ^ (/i — /2)|f- By 
Lemma 1.5, there exist zi € Oy^, i — 1, 2, that correspond to functions on X[ that do not 
vanish at any point of ■n^^{y). Up to multiplying, say, Zi by a nowhere vanishing regular 
function on Yi we can arrange that := zi — Z2 G T-^. So Zy_ corresponds to a function 
on X that is nonzero near 7r~^(y) and on which G acts via the character x- It follows that 
G/H acts freely on 7r^^(y), i.e. that H = Hy. 

We say that a point y e C is relevant iff either it is singular for C or there exists /, x with 
xigi) = 1 such that y S iV^. Observe that, in view of the assumptions of 3.1, by Proposition 
2.12 and by the description of singularities of §3.4 the set of relevant points can be described 
intrinsically as the set of points of C over which X is Gorenstein but not d.c. 

Corollary 3.4. LetKel be the set of relevant points and let B — Uf^-^^Ei be the normalization 
of the double locus B of X . Then: 

xiOx) = xiOx') - xiOs) + E ^ Hy^- 

aeRci 

Proof. Follows immediately by Proposition 3.2, by (3.2) and by the fact that for x = 1 one 
has the exact sequence: 

^ (ima)i ^ (BUiOf, Ot ^ 0, 
where T is the set of singular points of C. □ 

We close this section by computing the numerical invariants of two of the degenerations 
of Burniat surfaces described in [AP09] . 

Example 3.5. Let G — Z2, let gi, (72, .93 be the nonzero elements of G and for i = 1, 2, 3 let 
Xi G G* be the nonzero character such that xdSi) — 1- Let Yi = x P^, Y2 = P^ and let 
Y be the surface obtained by gluing Yi and Y2 along a smooth rational curve G which is of 
type (1, 1) on Yi and is a line on Y2. Fix three distinct points yi,y2,y3 S G. For i = 1,2, 3, 
let -Di J C Yi be the union of a fibre and a section through yj-i and let C Y2 be a pair 
of lines through yj+i (the index j varies in Z3). In the picture below Yi is represented on 
the left and Y2 on the right, the curve C is shown in green, red lines correspond to Di^i, 
black lines to Di 2 and blue lines to I?i,3. 



\ 
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For i ~ 1,2, we let tt^ : -> Yi be the standard G-cover with branch data Di j, gj, 
j = 1,2,3. Solving (1.2), we get Li^i — C'pixpi(l,l) and L2J — ©^2(2), j = 1,2,3, where 
L^j denotes the subsheaf of Ox' corresponding to the character Xj- Notice that the line 
bundles L~j have no cohomology, hence in particular x{Ox[) — x(Ca'^) — 1- 

By [Par91, §3], for i = 1, 2 the normalization of the cover of C induced by tt^ is the trivial 
G-cover. So by Theorem 1.13, we can glue X[ U X2 — )■ li U I2 to a cover tt: X Y. By 
(3.1) we have: 

= MKY, + l{Di,i+Di,2 + Di,3) + Cf+4iKY, + ^iD2,i+D2,2 + D2,3)+Cf = 2 + 4 - 6. 

The curve G is smooth and the points yi,2/2 and 2/3 are relevant points with Hy^ — G, so 
Corollary 3.4 gives: 

x{Ox) = X{0x0+X{0x0~x{0^) + [G : Hy,] + [G : Hy,] + [G : Hy,] = 1+1-4+1+1+1 = 1. 

For X = 1, we have an isomorphism (ima)i = Oc, hence (imQ;)i has no cohomology in 
degree i > and the exact sequence: 

O^Oy ^Oy,® Oy^ "> (ima)i = Oc -> 

implies that /i*(C'y) = for i > 0. Next we compute the cohomology of the sheaves T^. 
By Proposition 3.2, for j — 1,2,3 we have (ima)^^. — Oc{-~yj)- So (3.2) gives an exact 
sequence: 

^ J-^, ^ Lrj © L^!, ^ Oci-Vj) ^ 0. 
Therefore h^{Ty,^) = h^iJ'x,) ^r j = 1, 2, 3 and thus h^{Ox) = h^iOx) = 0. 

Example 3.6. Let Y — YiU ■ ■ ■ UYq he the union of 6 copies of glued in a cycle along 
lines as shown in the picture below. 




As in the previous example, let G — Z2 and for i G Zg let tt^ : X'^ Yi be the G-cover 
branched on the colored lines in the picture. For every i, two of the sheaves Li^y, are Oy^ (2) 
and the remaining one is Oy^(l). So the have no cohomology and xi^'i) = 1- It's easy 
to check using Theorem 1.13 that the cover X[\J ■ ■ ■ Li X^ — Yi U • • • U Ig can be glued to 
a G-cover n: X Y. The normalization S — > G of the induced cover of the double curve 
G is the disjoint union of 6 smooth rational curves, each mapping 2-to-l onto a component 
of G. The only relevant point is the singular point y of G. So applying (3.1) and Corollary 
3.4, we get: 

X|-=6, x{Ox) = l. 

Let Fi, . . . Fq be the irreducible components of G. For x — 1; as in the proof of Corollary 
3.4 we have an exact sequence: 

^ (ima)i ^ ®LiCf, ^ K{y) 0, 
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which gives /i*((ima)i) = for z > 0. By Proposition 3.2, for x 7^ the sheaf {ima)^ is 
isomorphic to the direct sum of two copies of Opi , hence it has no higher cohomology. So 
by (3.2) we have h'{T^) = for i > and therefore h^{Ox) = h^iOx) = 0. 

3.3. Singularities: the case Y smooth. We wish describe the singularities of a Zj-cover 
tt: X F as in §3.1. Since the question is local, we iix y £ Y and we study X locally 
above Y in the etale topology. By the assumptions in §3.1, the singularities of X over a 
point y (z Y lying on g > 2 components of Y are degenerate cusps such that the exceptional 
divisor of its minimal semiresolution is a cycle of q rational curves (cf. [KSB88, def. 4.20]). 
So it is enough to analyze two cases: 

• y is smooth, 

• y = Yi U I2 d.c. and vr is obtained by gluing standard covers tt.; : Xj' —t' Yi, i — 1, 2. 

Remark 3.7. All the singularities listed in Tables 1-9, actually occur on some stable surface 
of general type. To give examples of the singularities that appear when the base Y of the 
cover is smooth, one can take G = Z2, 2 < r < A, a set of generators gi, . . . gk of G, fc < 4, 
and lines Li, . . . through a point y G such that the pair (P^, (Li + . . . Lfc)/2) is Ic. If 
g = gi, define Dg. — Li, where D- is a general curve of even degree and for g ^ 1, gi, . . . gk 
let Dg be a general curve of odd degree. The divisors Dg so defined are the branch data 
for a G-cover X V'^ (equations (1.2) are easily seen have a solution in this case). By 
Proposition 2.5 the surface X is sic and it is of general type as soon as the the degree 
of the Hurwitz divisor D is > 6. There is only one point x € X that maps to y and all 
the singularities listed in Tables 1, 2 and 3 with can be realized as {X,x) in this way and 
\H\ > 4 (for the definition of H, see below). The singularities with \H\ = 2 can be obtained 
by taking a double cover X — >■ P^, branched on the sum of k lines through y and a general 
curve of degree d such that d + k is even and > 8. 

Since all the curves in the construction are general, the singularities oi X \ {x} are at 
most Ai points. 

Similar constructions, slightly more involved, can be used to realize the singularities of 
Tables 4-9. 

We study the case Y smooth in this section and the case Y reducible in the next one. 

We let {Di,gi), . . . {Dk,gk) be the branch data of tt. We may assume that y & Di for 
every i. So by the condition that D is sic we have fc < 4 and no three of the Di coincide. 
Whenever the Di are not all distinct, we assume Di — D2. 

All the possible cases are listed in Tables 1, 2, 3 below. The first digit in the label given 
to each case is equal to the number k of components through y, followed by ' ii Di — D2 
and by " if Di = D2 and 1)3 = D4 (obviously this case occurs only for k — A). So, for 
instance, a label of the form 3'.m, where m is any positive integer, means that y belongs to 
three components of D, two of which coincide. 

The entries in the columns have the following meaning: 

• |: the order of the subgroup H the subgroup generated hy gi, ... gk- 

• Relations: describes the relations between gi, . . .gk- For instance, 123 means gi + 
92+93 = 0. 

• Singularity: the notations are mostly standard. 1(1, 1) denotes a cyclic singularity 
A^/Z4 with weights 1,1. T2.2,2.2 denotes an arrangement consisting of four disjoint 
— 2-curves Gi, . . . G4 and of a smooth rational curve F intersecting each of the Gi 
transversely at one point. The self intersection is given in the table. In the 
non-normal case (Tables 2 and 3) we use the notations of [KSB88], where KoUar 
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and Shepherd- Barron classified all sic surface singularities over C. We work in 
any characteristic ^ 2 but only the singularities from the list in [KSB88] appear. 
"deg.cusp(A;)" means a degenerate cusp (cf. [KSB88, def. 4.20]) such that the 
exceptional divisor in the minimal semiresolution has fc components. 

• l: the index oi x ^ X. It is equal to 1 if all the relations have even length and it is 
equal to 2 otherwise (cf. Proposition 2.8). 

• X: denotes the normalization of X (the entries refer to the cases in Table 1). 

• — >■ Cx Cy- is the inverse image in X of the double curve Cx of X and 
Cy is the image of Cx in Y. The symbol A denotes the germ of a smooth curve, 
and Ffc is the seminormal curve obtained by gluing k copies of A at one point. The 
notation Tk °^"'°''> C means that the map restricts to a degree map on the z-th 
component of Tk (we do not specify the when they are all equal to 1). 

• X^'^: is the minimal semiresolution of X. We write "d.c." when X^'^ has only normal 
crossings and "pinch" if it has also pinch points. 

Theorem 3.8. The singularities of sic covers tt : X — > y with smooth Y are listed in 
Tables 1, 2, 3. 



Table 1. One, two, three, and four reduced lines 



No. 


1^1 


Relations 


L 


Singularity 




0.1 


1 


none 


1 


smooth 




1.1 


2 


none 


1 


smooth 




2.1 


4 


none 


1 


smooth 




2.2 


2 


12 


1 


Ai 




3.1 


8 


none 


1 






3.2 


4 


12 


1 


A3 




3.3 


4 


123 


2 


1(1,1) 




3.4 


2 


12,13 


1 






4.1 


16 


none 


1 


elliptic, F'^ = 


-4 


4.2 


8 


12 


1 


elliptic, = 


-2 


4.3 


8 


123 


2 


72,2,2,2, = 


-4 


4.4 


8 


1234 


1 


elliptic, = 


-8 


4.5 


4 


12 13 


1 


elliptic, = 


-1 


4.6 


4 


12 34 


1 


elliptic, = 


-4 


4.7 


4 


12 134 


2 


^2,2,2,2, = 


-3 


4.8 


2 


12 13 14 


1 


elliptic, F^ ^ 


-2 



Since all these singularities can be studied in a similar way, we just explain the method 
and work out two cases as an illustration. We start with some general remarks: 

(1) we always assume G = H. Indeed, the cover tt factors as X ^ X/H ^Y. By 
Lemma 1.5 the map tti is etale near y, while for every z G tt^ (y) the fiber tt^ (z) 
consists only of one point. Since G acts transitively on each fiber of tt, it is enough 
to describe the singularity of X above any point z € 7rf ^(x). 
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Table 2. Double line + zero, one, or two reduced lines 





No. 


\H\ 


Relations 


i 


Singularity 


X 




-^Cx^Cy 








2'.1 


4 


none 


1 


semismooth 


2(1.1) 


2A^ 


^ A^ A 


d.c. 






2'. 2 


2 


12 


1 


semismooth 


2(0.1) 


2A- 


A^ A 


d.c. 






3'.1 


8 


none 


1 


semismooth 


2(2.1) 


2A- 


A 4 A 


d.c. 






3'.2 


4 


12 


1 


semismooth 


2(1.1) 


2A- 


a4 A 


d.c. 






3'.3 


4 


13 


1 


semismooth 


(2.1) 


A^ 


> A^ A 


pinch 






3'.4 


4 


123 


2 


(3'.1)/Z2 


2(2.2) 


2A^ 


~> A-^ A 


d.c. 






3'. 5 


2 


12 13 


1 


•^pTTi imnoof n 


fl 1) 


A ^ A^ A 


pinch 






4.1 


16 


none 


1 


deg.cusp(2) 


2(3.1) 


2r2 


^r2^A 


d.c. 






4'.2 


8 


12 


1 


deg.cusp(2) 


2(2.1) 


2r2 


^r2^A 


d.c. 






4'.3 


8 


13 


1 


deg.cusp(l) 


(3.1) 


r2 - 


A 4 A 


d.c. 






4'. 4 


8 


34 


1 


deg.cusp(6) 


2(3.2) 


2r2 


^ r2 ^ A 


d.c. 






4'.5 


8 


123 


2 


(4'.1)/Z2 


2(3.2) 


2A- 


A 4 A 


d.c. 






4'.6 


8 


134 


2 


(4'.1)/Z2 


(3.1) 


r2 ^ r2 ^ A 


pinch 






4'. 7 


8 


1234 


1 


deg.cusp(2) 


2(3.3) 


2r2 


^r2^ A 


d.c. 






4' 8 


4 


12 13 


1 


dcg.cusp(l) 


(2.1) 


r2- 


A 4 A 


d.c. 






4'.9 


4 


13 14 


1 


deg.cusp(3) 


(3.2) 


r2- 


-> A^ A 


d.c. 






4'. 10 


4 


12 34 


1 


deg.cusp(2) 


2(2.2) 


2r2 


^ r2 A 


d.c. 






4M1 


4 


13 24 


1 


deg.cusp(l) 


(3.3) 


r2- 


A ^ A 


d.c. 






4'. 12 


4 


12 134 


2 


(4'.2)/Z2 


(2.1) 


r2 A r2 ^ A 


pinch 






4'. 13 


4 


13 124 


2 


(4'.3)/Z2 


(3.2) 


Ai 


> A^ A 


pinch 






4'. 14 


4 


123 34 


2 


(4'.4)/Z2 


2(3.4) 


2A- 


A-> A 


d.c. 






4'. 15 


o 
/ 


LZ lo 14 


1 


deg.cusp(l) 


(2.2) 




■> A-^ A 


d.c. 












Table 3. Two double lines 






No. 


\H\ 


Relations 


L 


Singularity 


X 


^x ~ 






4".l 




none 


1 


deg.cusp(4) 


4(2.1) 


4r2- 


>r4^r2 


d.c. 


4".2 


o 

8 


12 


1 


deg.cusp(4) 


4(1.1) 


4r2 - 


>r4^r2 


d.c. 


4".3 


8 


13 


1 


deg.cusp(2) 


2(2.1) 


2r2 - 


> r2 ^ 


d.c. 


4". 4 


8 


123 


2 


(4".1)/Z2 


2(2.1) 


„^ 1122^ -p 211 -p 
Zi 2 > i 3 ^ i 2 


pinch 


4". 5 


8 


1234 


1 


dcg.cusp(4) 


4(2.2) 


4r2 - 


> r4 ^ 


d.c. 


4".6 


4 


12 13 


1 


dcg.cusp(2) 


2(1.1) 


2T2- 


>r2ii.r2 


d.c. 


4". 7 


4 


12 34 


1 


deg.cusp(4) 


4(0.1) 


4r2 - 


> r4 ^ r2 


d.c. 


4".8 


4 


13 24 


1 


deg.cusp(2) 


2(2.2) 


2r2 - 


> ^ r2 


d.c. 


4".9 


4 


12 134 


2 


(4".2)/Z2 


2(1.1) 


2r2 ^ Ta ^ r2 


pinch 


4". 10 


4 


13 124 


2 


(4".3)/Z2 


(2.1) 


„ 22 
i 2 


^ r2 ^ 


pinch 


4".ll 


2 


12 13 14 


1 


deg.cusp(2) 


2(0.1) 


2r2 - 


> Ta Fa 


d.c. 



(2) the cover X is normal at x iff [D] ~ 0. It is nonsingular at x iff either fc = 1 or fc = 2, 
D\ ^ i?2, g\ 7^ 52- Assume that X is not normal, and let F be an irreducible divisor 
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that appears in D with multiplicity 1. This means that, say, F — Di and F = Z?2- 
The normalization of X along is a G-cover of Y with branch data {Di,gi), for 
i^l,2, and, if gi + <72 7^ 0, (F, gi + 32) (cf. [Par91, §3]). 

(3) the cover X is said to be simple if the set {gi, . . . gk} is a basis of \H\ (for instance, 
X is simple if the gi are all equal). In this case X is a complete intersection and it 
is very easy to write down equations for it (see Case 4'.1 below). 

(4) the double curve Cx maps onto the divisors that appear in D with multiplicity = 1. 
Since for a semismooth surface the double curve is locally irreducible, X is never 
semismooth in the cases 4". In addition, if X is semismooth then the pull back 

of Cx to the normalization is smooth. Using this remark, it is easy to check that 
X is never semismooth in the cases 4', either. 

(5) in order to compute the minimal semiresolution X'"', we consider the blow npY^Y 
of Y at y, pull back X and normalize along the exceptional curve E to get a cover 
X Y. The branch locus of X — F is supported on a d.c. divisor and, by 
construction, the singularities of X are only of type 1, 2 or 3'. Looking at the 
tables, one sees that either X is semismooth or it has points of type 2.2 or 3'. 4 
(cf. Table 1). In the former case X is the minimal semiresolution. In the latter 
case, blowing up Y at the non semismooth points and taking base change and 
normalization along the exceptional divisor, one gets a semismooth cover X ^ Y. 
The semiresolution X ~> X is minimal, except in cases 4". 5, 4". 10. In these cases 
the minimal semiresolution X^'^ is obtained by contracting the inverse image in X 
of the exceptional curve of the blow up F — > F. 

Next we analyze in detail two cases: 

Case 4M: By remark (2) above, the normalization X is an H-caver with branch data 
{Di,gi +52), (Ds^gz) and {D4,gi). So gi acts on X without fixed points and X is the 
disjoint union of two copies of the cover (3.1). We choose local parameters u,voiiY such 
that Di = D2 is given by m = 0, is defined by u = and D4 hy u + v = 0. 

The cover X is defined etale locally above y by the following equations: 

(3.5) zf — u,Z2 — u, Zg — v,zl — {u + v). 

In particular X is a complete intersection (see remark (3) above). The element gi acts on 
Zj as multiplication by (— 1)'^*^. The double curve Cx is the inverse image of u = 0, hence 
it is defined by zi = Z2 — 0, z^ = ±2:4 and the map Cx -Di is given by Z3 1— z|, so Cx 
is isomorphic to r2, with each component mapping 2-to-l to Di ~ A. The curve Cj^ is the 
inverse image of Di in X, so it has two connected components, each isomorphic to r2, that 
are glued together in the map X ^ X. 

To compute the minimal semiresolution, consider the blow upY^YoiYaty and the 
cover X ^ Y obtained by pulling back X ^ Y and normalizing along the exceptional curve 
E. The branch data for X are {E, 51 + 32 + 53 + .94) and, for i = 1, ... 4, {Di, gi), where' 
indicates the strict transform. The cover is singular precisely above Di = D2 and it is easy, 
using the local equations, to check that it is d.c. there. So X is the minimal semiresolution 
of X. The exceptional divisor is the inverse image F E in X. Applying the normalization 
algorithm to the restricted cover F ^ E, one sees that the normalization of F is the 
union of two smooth rational curves Fi and F2. The map F ^ F identifies the two points 
of -Fi that lie over the point E Ci D[ with the corresponding two points of F2. Hence X is 
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the minimal semiresolution of X and the singularity is a degenerate cusp solved by a cycle 
of two rational curves. 

Case 4^5: As in the previous case, X and Cj^ can be computed by the normalization 
algorithm. One obtains that X is the disjoint union of two copies of (3.2) and Cj^ is the 
disjoint union of two copies of A. This singularity is the quotient of a cover Xq of type 
(4'.1) by the element go •= .9i + 32 + .93- Since this element has odd length, the index l of 
X at X is equal to 2. 

Since the only fixed point of go on X is a; := Tr^^{y), the double curve C'x is the quotient 
of the double curve Cxg of Xq. The two components of Cx„ are identified by go, thus Cx 
is irreducible and maps 2-to-l onto Di. 

To compute the minimal semiresolution, again we blow up Y ^ Y at y and consider the 
cover X ^ Y obtained by pull back and normalization along the exceptional curve E. As 
usual, we denote by F the strict transform on F of a curve F of Y. The branch data for X 
are {Di,gi), (152,52), {Dz.gi +52), (-04,34), and {E,gn). So X has normal crossings over 
Z?i, it has four Ai points over the point y := D/iOE and it is smooth elsewhere (cf. Tables 1 
and 2). We blow up at ij and take again pull back and normalization along the exceptional 

curve E2. We obtain a cover X — >■ F which is d.c. over the strict transform Di of Di and 

has no other singularity, so AT X is a semismooth resolution. Let Ex denote the strict 

transform on Y of the exceptional curve E of the first blow up. Arguing as in Case 4'.1, 
one sees that inverse image of Ei is the union of two smooth rational curves Fl and F2 
that intersect transversely precisely at one point of the double curve, and the inverse image 
of E2 consists of 4 disjoint curves Fj^, . . . i^^. All these curves pull back to -2 curves on the 

normalization of X and, up to relabeling, Fl,Fi,F2 and Ff,i^|,F2 form two disjoint A3 

configurations. So X is the minimal semiresolution of A. In the notation of [KSB88][def. 

4.26], X is obtained by gluing two copies of {A, A) along A. 

3.4. Singularities: the case Y reducible. Here we repeat the local analysis of the pre- 
vious section for the case in which y = Yi U y2 is d.c, keeping as far as possible the same 
notations. So we fix y e C, where C is the double curve of Y, and describe X locally over y. 
We assume that X Y is obtained by gluing standard covers tt^ : X'^ —>■ Yi, i = 1,2, such 
that y lies on all the components of the Hurwitz divisor D. We let {Di,gi), . . . {Dk,gk) be 
the union of the branch data of tti and tt2 such that Di is distinct from the double curve C 
of Y (hence D = {Di + • • • + Dk)/2). We denote by go the generator of the inertia subgroup 
of C for TTi and 7r2. By Remark 3.3 the inertia subgroup Hy is equal to H {go, gi, ■ ■ ■ gk) , 
so up to an etale cover we may assume that G — H and that 7r~^(y) — {x}. 

Since D is Q-Cartier, there are the same number of Di on Yi and on Y2. We order them 
so that all components on Yi come first. Recall that fc < 4 by the assumption that {Y, D) is 
sic. The cases in the tables are labeled E ("etale") \i go = and R ("ramified") if go 7^ 0. 
The first digit of the label is the number k of branch lines through y. It is followed by ' if 
Di = D2 and by " if Di = D2 and D^ — D4. For instance, in the cases E4'.m the map 
TT is generically etale over C and there are four branch lines Di, . . . D4 with Di — D2, and 
D3 ^ Di. 

The singularities that we get here are non-normal, and as in [KSB88, Thm. 4.21, 4.23] 
they turn out to be either semismooth or degenerate cusps in the Gorenstein case and 
Z2-quotients of these otherwise. 
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The tables here contain the same columns as those of §3.3 plus an extra one, denoted x- 
this is the contribution of y in the formula for x{Ox) of Corollary 3.4 (recall \G\ = 2''). By 
Propositions 2.11 and 2.12 the index l is equal to 1 if all relations have even length when 
reduced modulo and it is equal to 2 otherwise. 

Theorem 3.9. The singularities oj sic covers tt: X -^Y where Y is the d.c. union of two 
smooth surfaces are given in Tables 4~9- 



Table 4. C not in the branch locus, zero, or two, or four reduced lines 



No. 


\H\ 


Relations 


b 


X 


Singularity 


X 


C ^ — y Cx — ^ Cy 




EO.l 


1 


none 


1 





d.c. 


(0.1) u (0.1) 


2A ^ A ^ A 


d.c. 


E2.1 


2 


12 


1 





d.c. 


(1.1) U (1.1) 


2A ^ A 4 A 


d.c. 


E4.1 


8 


1234 


1 


2r-3 


deg.cusp(4) 


2(2.1) U 2(2.1) 


2r2 u 2r2 ^ r4 a 


d.c. 


E4.2 


4 


12 34 


1 


2r-2 


deg.cusp(4) 


2(2.2) U 2(2.2) 


2r2 u 2r2 ^ r4 ^ A 


d.c. 


E4.3 


4 


13 24 


1 


2r-2 


deg.cusp(2) 


(2.1) U (2.1) 


r2 u r2 r2 ^ A 


d.c. 


E4.4 


2 


12 13 14 


1 


2r-l 


deg.cusp(2) 


(2.2) U (2.2) 


r2 u r2 ^ r2 ^ A 


d.c. 



Table 5. C not in the branch locus, a double line + two reduced lines. 



No. 




1^1 


Relations 


t 


X 


Singularity 


X 


Cx 


-^Cx 


^ Cy 




E4' 


.1 


8 


1234 


1 


2r-3 


deg.cusp(6) 


4(1.1) U 2(2.1) 




U2T2 - 


-p 112. ..2 -p 

^ i 6 ' 2 


d.c. 


E4' 


.2 


4 


12 34 


1 


2r-2 


deg.cusp(6) 


4(0.1) U 2(2.2) 


4r2 


U2T2 - 


Te ^ r2 


d.c. 


E4' 


.3 


4 


13 24 


1 


2r-2 


deg.cusp(3) 


2(1.1) U (2.1) 


2r2 


UT2- 


199 


d.c. 


E4' 


.4 


2 


12 13 14 


1 


2r-l 


deg.cusp(3) 


2(0.1) U (2.2) 


2r2 


UTa - 


> T2 


d.c. 



Table 6. C not in the branch locus, two pairs of double lines 



No. 




1^1 


Relations 


L 


X 


Sin 


gularity 


X 


Cx 


^Cx - 


^ Cy 




E4" 


1 


8 


1234 


1 


2r-3 


deg 


.cusp(8) 


4(1.1) U 4(1.1) 


4r2 


u4r2 - 


, -p 112.. .211^ 

> i 8 > i 3 


d.c. 


E4" 


2 


4 


12 34 


1 


2r-2 


deg 


.cusp(8) 


4(0.1) U 4(0.1) 


4r2 


u4r2 - 


> Tg ^ 


d.c. 


E4" 


3 


4 


13 24 


1 


2r-2 


deg 


.cusp(4) 


2(1.1) U 2(1.1) 


2r2 


u2r2 - 


^14 > i 3 


d.c. 


E4" 


4 


2 


12 13 14 


1 


2r-l 


deg 


.cusp(4) 


2(0.1) U 2(0.1) 


2r2 


u2r2 - 




d.c. 
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Table 7. C in the branch locus, zero, or two, or four reduced Unes 



INo. 


i ul 
1 


Relations 


i 


X 




Singularity 


A 


— t yjx — ' 


Vsr 


RO.l 


2 


none 


1 







d.c. 


(1.1) U (1.1) 


A U A A A 


d.c. 


R2.1 


4 


12 


1 







d.c. 


(2.1) U (2.1) 


AUA^ a4 A 


d.c. 


R2.3 


2 


12 01 


2 







(R2.1)/Z2 


(2.2) U (2.2) 


A U A A -)> A 


d.c. 


R2.2 


4 


012 








same as R2.1 








R4.1 


16 


1234 


1 


2r- 


-4 


deg.cusp(4) 


2(3.1) U 2(3.1) 


2r2 u 2r2 -> r4 a 


d.c. 


R4.2 


8 


1234 01 


2 







fR4 D/Z-, 


2(3 2) U f3 1) 


2A u r2 ^ r2 ^ A 


d.c. 




» 

O 




\ 




-3 








d.c. 


R4.4 


o 

8 




1 


2 


-3 


aeg.cusp(zj 


(3.1) U (3.1) 


l2LJl2->l2 ^A 


d.c. 


R4.5 


8 


12 34 


1 




-3 


dcg.cusp(12) 


2(3.2) U 2(3.2) 


2r2 u 2r2 ^ r4 ^ A 


d.c. 


R4.6 


4 


12 34 01 


2 







(R4.5)/Z2 


2(3.4) U (3.2) 


2A u r2 — >■ r2 — > A 


d.c. 


R4.7 


A 

4 


12 34 013 


1 


2 


-2 


deg.cusp(6j 


(3.2) U (3.2) 


I2LJI2— >-i2— >-A 


d.c. 


R4.0 


o 

» 


io z4 








same as R4.4 








R4.9 


4 


13 24 01 


2 







(R4.8)/Z2 


(3.2) U (3.2) 


A 1 1 A A 2 A 

A U A ^ A -> A 


d.c. 


R4.10 


4 


13 24 012 


1 




-2 


deg.cusp(2) 


(3.3) U (3.3) 


r2 u r2 ^ r2 ^ A 


d.c. 


R4.11 


4 


12 13 14 








same as R4.7 








R4.12 


2 


12 13 14 01 


2 







(R4.11)/Z2 


(3.4) U (3.4) 


A U A A 


d.c. 


R4.13 


16 


01234 








same as R4.1 








R4.14 


8 


12 034 


1 


2r- 


-3 


deg.cusp(8) 


2(3.2) U 2(3.3) 


2r2 u 2r2 ^ r4 A 


d.c. 


R4.15 


8 


13 024 








same as R4.4 








R4.16 


8 


123 04 








same as R4.2 








R4.17 


4 


12 13 014 


1 


2r- 


-2 


deg.cusp(4) 


(3.2) U (3.3) 


u r2 r2 ^ A 


d.c. 


R4.18 


4 


12 134 01 


2 







(R4.14)/Z2 


2(3.4) U (3.3) 


2A u r2 -s- r2 -s^ A 


d.c. 


R4.19 


4 


13 124 01 








same as R4.9 









The analysis of the singularities in the reducible case is similar to the case Y smooth. One 
blows up Y at the point y and takes pull back and normalization of X along the exceptional 
divisor. Repeating this process, if necessary, one obtains a semiresolution Xq X. If Xq 
is not minimal, then the minimal semiresolution X^'' X is obtained by blowing down the 
— 1-curves of Xq. 

As the computations are all similar, we work out a only a couple of cases to show the 
method. 

Case R4M: the normalization X is equal to X[ U where X'^ is the normalization of 
X'^. The branch data of X[ Yi arc {Di,gi + 32); (^0:ffo)j so X[ is etale locally the 
disjoint union of four copies of the cover (2.1). X^ = X2 is etale locally the disjoint union 
of two copies (3.1). 

The image Cy of the double curve Cx is equal to C U D^. The preimage in X[ of Cy 
is the disjoint union of four copies of r2. The preimage of Cy in X^ is equal to two copies 
of r2. Hence Cj^ — 4^2 U 2r2. Each component of maps 2-to-l onto its image. The 
map — >■ Cx identifies in pairs the four components of the preimage of Di and the eight 
components of the preimage of C. So Cx is Fe, with two components mapping 2-to-l onto 
Di and four components mapping 2-to-l onto C. 



NON-NORMAL ABELIAN COVERS 

Table 8. C in the branch locus, a double line + two reduced lines. 
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No. 




1^1 


Relations 


L 


X 




Singularity 


X 


C^^Cx- 


Cy 




R4' 


1 


16 


1234 


1 


T- 


-4 


deg.cusp(6) 


4(2.1) U 2(3.1) 


4r2 u 2r2 - 


Tg ^ r2 


d.c. 


R4' 


2 


8 


1234 01 


2 







(R4'.l)/Z2 


2(2.1) U (3.1) 


2r2ur,^^r4^r2 


pinch 






s 

O 


1 934 03 


2 


n 








2r2 U 2A - 


. 222 -p 
> t 3 > i 2 


d.c. 


R4' 


4 


8 


1234 012 


1 


2^~ 


-3 


Hef cusni 6 1 


4(2 2) U 2(^3 3~) 


4r2 u 2r2 - 


^ Tg ^ r2 


d.c. 




o 


O 


1 234 01 3 


I 




-3 


nPO" PllQTll 1 




2r2 U ^ 


Tg ^r2 


d.c. 


R4' 


6 


8 


12 34 


1 




-3 


deg.cusp(lO) 


4(1.1) U 2(3.2) 


4r2 u 2r2 - 


-> t 6 > t 2 


d.c. 


R4' 


7 


4 


12 34 01 


2 







(R4'.6)/Z2 


2(1.1) U (3.2) 


2r2 U T2 T4 ^ Ta 


pinch 


R4' 


8 


4 


12 34 03 


2 







(R4'.6)/Z2 


2(1.1) U 2(3.4) 


2r2 U 2A - 


>r3^r2 


d.c. 


R4' 


9 


4 


12 34 013 


1 


2T- 


-2 


deg.cusp(5) 


2(1.1) U (3.2) 


2r2 u r2 ^ 


r3^r2 


d.c. 


R4' 


10 


8 


13 24 








same as R4'.5 










R4' 


11 


4 


13 24 01 


2 







(R4'.10)/Z2 


(2.1) U (3.2) 




r2^r2 




R4' 


12 


4 


13 24 012 


1 




-2 


deg.cusp(3) 


2(2.2) U (3.3) 


2r2 U ^ 


r3 ^ r2 


d.c. 


R4' 


13 


4 


12 13 14 








same as R4'.9 










R4' 


14 


2 


12 13 14 01 


2 







(R4'.13)/Z2 


(1.1) U (3.4) 


r2uA^ 


r2^r2 


pinch 


R4' 


15 


8 


13 024 








same as R4'.5 










R4' 


16 


8 


12 034 


1 




-3 


deg.cusp(6) 


4(1.1) U 2(3.3) 


4r2 u 2r2 - 




d.c. 


R4' 


17 


8 


13 024 








same as R4'.5 










R4' 


18 


8 


34 012 


1 


2r- 


~3 


deg.cusp(lO) 


4(2.2) U 2(3.2) 


4r2 u 2r2 - 


^ Tg ^ r2 


d.c. 


R4' 


19 


8 


123 04 








same as R4'.3 










R4' 


20 


8 


134 02 








same as R4'.2 










R4' 


21 


4 


12 13 014 


1 


2r- 


-2 


deg.cusp(3) 


2(1.1) U (3.3) 


2r2 u r2 ^ 


r3^r2 


d.c. 


R4' 


22 


4 


13 14 012 


1 


2'- 


-2 


deg.cusp(5) 


2(2.2) U (3.2) 


2r2 u r2 ^ 


r3^r2 


d.c. 


R4' 


23 


4 


12 134 01 


2 







(R4'.16)/Z2 


2(1.1) U (3.3) 


2r2 u r2 


t 3 > t 2 


pinch 


R4' 


24 


4 


13 124 01 








same as R4'.ll 










R4' 


25 


4 


34 123 03 


2 







(R4'.18)/Z2 


2(2.2) U 2(3.4) 


2r2 U 2A - 


> Ta ^ r2 


d.c. 



To compute the semiresolution, blow up y e F to get Y ^ Y. Let Ei C Yi and 
E2 C Y2 be the irreducible components of the exceptional divisor. Let tt: X — > F be 
the G-cover obtained from X ^ Y by taking pull back and normalizing along Ei and 
E2. Denoting by^the strict transform on Y, the branch data of tt are: (i?i, .go + 9i + .92), 
(£^2,50 +53 + 94 ^ 90 + gi +92), {Di,9i), {D2 = £'1,32), (03,93), {D4,g4), {C,9q). So X 
is d.c. by the tables of §3.3 and it is therefore the semiresolution X^'^ of X. The preimage 
of El is the union of four smooth rational curves meeting in pairs over the point Ei D Di . 
The preimage of E2 is the disjoint union of two rational curves, which together with the 
components of the preimage of Ei form a cycle of six rational curves. The singularity x Cz X 
is Gorenstein by Proposition 2.12 hence it is "deg.cusp(6)" . 

Case R4'.2: This is a Z2-quotient of R4'.2 and it is not Gorenstein by Proposition 2.11. 
The normalization X is equal to X[ U X2, where X'^ is the normalization of The branch 

data oi X[ —i' Y are {Di,go + 32), (-Do, 50)1 so X[ is etale locally the disjoint union of two 
copies of the cover (2.1). The image Cy of the double curve Cx is equal to C U Di. The 
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Table 9. C in the branch locus, two pairs of double lines 



No. 




1^1 


Relations 


L 


X 




Singularity 




X 


Cx 


^ Cy 






1 






1 
± 


or- 


-4 


U.cg.l^U.oJJl O 1 




^.X 1 1 1 j 


4r2 u 4r2 




d r 


Ti Aff 


2 


8 


1234 01 


2 







/Tl All 1 \ /"^ 

(R4".l)/Z2 




2(2.1) U 2(2.1) 


2r2 u 2r2 


221. ..1 „ 11222 „ 

> r5 > Ts 


pmcii 


IX^ 


o 


a 

o 




1 

J. 


or- 


-3 






A(0 0\ 1 1 A(0 0'\ 

4:lZi.Zil 1 1 4:lZi.Zil 


4r2 u 4r2 


Tg ^ r3 


d c 


R4 


4 


8 


1234 013 


1 




-3 


aeg.cusp(4) 




2(2.1) U 2(2.1) 


2r2 u 2r2 


i 4 > i 3 


d.c. 


-r^ All 

R4 


5 


8 


12 34 


1 


2'" 


„3 


deg.cusp(8j 




4(1.1) U 4(1.1) 


4r2 u 4r2 


„ 22111122 

Tg > 


d.c. 


R4" 


6 


4 


12 34 01 


2 







(R4".5)/Z2 




2(1.1) U 2(1.1) 


2r2 u 2r2 


221. ..1 „ 11112 „ 

> > Ts 


pinch 


R4" 


7 


4 


12 34 013 


1 




-2 


deg.cusp(4) 




2(1.1) U 2(1.1) 


2r2 u 2r2 


i 4 > i 3 


d.c. 


R4" 


8 


8 


13 24 








same as R4" 


4 










R4" 


9 


4 


13 24 01 


2 







(R4".8)/Z2 




(2.1) U (2.1) 


u r2 ^ r3 ^ Ta 


pinch 


R4" 


10 


4 


13 24 012 


1 


2'- 


- 2 


deg.cusp(4) 




2(2.2) U 2(2.2) 


2r2 u 2r2 


r4 ^ r3 


d.c. 


R4" 


11 


4 


12 13 14 








same as R4" 


7 










R4" 


12 


2 


12 13 14 01 


2 







(R4".ll)/Z2 




(1.1) U (1.1) 


U r2 ^ -> 


pinch 


R4" 


13 


16 


01234 








same as R4" 


1 










R4" 


14 


8 


12 034 


1 


2'- 


-3 


deg.cusp(8) 




4(1.1) U 4(2.2) 


4r2 u 4r2 


-^r,^r3 


d.c. 


R4" 


15 


8 


13 024 








same as R4" 


4 










R4" 


16 


8 


123 04 








same as R4" 


2 










R4" 


17 


4 


12 13 014 


1 


2r- 


-2 


deg.cusp(4) 




2(1.1) U 2(2.2) 


2r2 u 2r2 


^r4^r3 


d.c. 


R4" 


18 


4 


12 134 01 


2 







(R4".14)/Z2 




2(1.1) U 2(2.2) 


2r2 u 2r2 




pinch 


R4" 


19 


4 


13 124 01 








same as R4" 


9 











preimage in Xi of Cy is the disjoint union of two copies of r2. The preimage of Cy in X2 is 
r2. Hence = 2r2 U r2. Each component of Cj^ maps 2-to-l onto its image in Cy- The 
map — > Cx identifies glues two itself each of the two components of the preimage of Di 
and it identifies in pairs the four components of the preimage of C. So Cx is r4, with two 
components mapping 1-to-l onto Di and two components mapping 2-to-l onto C. 

To compute the semiresolution, blow up y G F to get Y —i' Y. Let Ei C Yi and E2 C I2 
be the irreducible components of the exceptional divisor. Let tt: X Y he the G-cover 
obtained from X ^ Y hy taking pull back and normalizing along Ei and E2- Denoting 
by^thc strict transform on Y, the branch data of vf are: (-©1,52)1 {^2,90 +33+34 =52)1 
{Di,gi = go), {D2 = Di,g2),jp3,g3), (-04,34), (C,3o)- By the tables of §3.3, X has two 
pinch points over the point Di D Ei and is at most d.c. elsewhere, hence it is equal to 
the minimal semiresolution X^'^ . The preimage of Ei is a pair of smooth rational curves 
meeting over the point Ei D Di. The preimage of E2 is a smooth rational curve, meeting 
each component of the preimage of Ei at a point lying over C O Ei = (7 n -E2 • 

In the notation of [KSB88] [Def. 4.26] , X^'^ is a chain consisting of copy of {A, 2 A) (namely 
the second component of X^") in the middle and two copies of {A, 2A) with A pinched at 
the ends. 
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